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Abstract

I develop a model of dynamic persuasion. A sender has a fixed number of pieces of hard
evidence that contains information about the quality of his proposal, each of which is ei-
ther favorable or unfavorable. The sender may try to persuade a decision maker (DM) that
she has enough favorable evidence by sequentially revealing at most one piece at a time.
Presenting evidence is costly for the sender and delaying decisions is costly for the DM. I
study the equilibria of the resulting dynamic communication game. The sender effectively
chooses when to give up persuasion and the DM decides when to make decision. Resolving
the strategic tension requires probabilistic behavior from both parties. Typically, the DM
will accept the sender’s proposal even when she knows that the sender’s evidence may be
overall unfavorable. However, in a Pareto efficient equilibrium, the other type of error
does not occur unless delays costs are very large. Furthermore, the sender’s net gain from
engaging in persuasion can be negative on the equilibrium path, even when persuasion is
successful. I perform comparative statics in the costs of persuasion. I also characterize
the DM’s optimal stochastic commitment rule and the optimal non-stochastic commit-
ment rule; compared to the communication game, the former yields a Pareto improvement
whereas the latter can leave even the DM either better or worse off.
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1 Introduction

Persuasion is the act of influencing someone to undertake a particular action, or, more generally,
to form a certain belief. Successful persuasion takes time and is costly for both parties: the
speaker exerts effort to present convincing arguments or information and, in turn, the listener
reflects upon or inspects these carefully. A typical process of persuasion may involve a back-
and-forth interaction where the speaker gradually presents a series of arguments up until when
the listener is either sufficiently convinced by the speaker or has decided that the speaker’s case
lacks merit.

This paper is an attempt to understand some essential features of the dynamics of persuasion.
To fix ideas, consider an example where an entrepreneur is trying to convince a venture capitalist
(VC) to invest in his startup. The VC only wants to invest if the startup is sufficiently likely
to succeed. The onus is on the entrepreneur to explain and validate a number of different
aspects of the project that justify investment. Of course, the VC will scrutinize each argument,
possibly hiring third parties to do so. In a stylized way, the process may unfold as follows: the
entrepreneur presents a set of facts about the project that the VC scrutinizes, and then the VC
decides to either invest, walk away, or request further explanation; and the process repeats, with
the entrepreneur deciding whether to comply or give up on persuading the VC.

Observe that this process has a dynamic element of "matching pennies." If the VC knows
that the entrepreneur only brings profitable plans, she just rubber-stamps his proposals, rather
than paying the various costs incurred to scrutinize the plans. On the other hand, once the
entrepreneur thinks that the VC will not carefully scrutinize his proposal, he may bring even
sketchy plans. This, in turn, generates the VC’s incentive to carefully scrutinize. This simple
story, which has the flavor of the matching pennies game, shows that each player has an incentive
to outfox his or her opponent.

Having this salient nature of persuasion in mind, this paper describes the dynamic process of
persuasion in a formal game theoretic model. A sender (persuader, speaker) may try to persuade
a decision maker (receiver, listener) that she has enough favorable evidence for his proposal by
sequentially communicating evidence by paying the communication cost. He can also remain to
be silent, which incurs no cost for him. At each period, the decision maker chooses whether to
require another piece of evidence that delays her decision making, or not. Hence she chooses
to require evidence as long as she can expect that there is an informational gain from doing
so. We show that the equilibrium involves probabilistic decision making from both parties. The
decision maker may make a decision before she gets enough information from the sender, so she
may make the wrong decision.

Our model succeeds in providing some essential features of the dynamics of persuasion. Each
time the sender communicates a piece of evidence, the decision maker updates her belief about
the sender’s proposal, and she accepts the proposal with a strictly positive probability. As the
game proceeds, the decision maker accumulates more and more information and the probability
that she makes the wrong decision decreases. A good sender, who has enough good evidence,
continues to persuade by showing evidence until his proposal is accepted. However, he may
pay too much communication costs so he may lose ex-post even though he was successful at
persuasion. A bad sender tries to persuade the decision maker with some probability. When the



decision maker judges that the cost of requiring a further piece of evidence exceeds the additional
informational benefit, she accepts the proposal for sure and the process of persuasion terminates.

The fact that the equilibrium involves probabilistic decision-making stems from the game’s
similarity to the matching pennies game. If the decision maker does not accept the sender’s
proposal until a certain amount of evidence is shown, then the sender never tries to persuade
unless he has enough good evidence. However this implies that the first piece of good evidence
already screens out the bad sender and the decision maker loses the incentive to check the rest
of the evidence. If the decision maker cannot make a "commitment to listen", they should use
mixed strategy in order to get around this strategic tension, as in the matching pennies game.

General characterization of the equilibrium demonstrates the following results. There is a
lower bound of the probability of immediate acceptance every time the sender communicates
evidence (either good or bad). Actually this lower bound is the acceptance probability that
makes the sender’s communication cost equal his immediate expected gain. Also, silence never
meets immediate acceptance, which tells us that only costly message has a persuasive power]]
Finally, and rather obviously, the decision maker accepts the proposal for sure only after the
sender shows a good piece of evidence.

Although there are a plethora of equilibria, we characterize the set of Pareto equilibria that
are not Pareto dominated by other equilibria, and furthermore the best equilibrium for the
decision maker, which is unique. Generally, it is possible to have an equilibrium that involves
intuitively inessential stages such as the sender remains silent, which incurs no cost for him, and
the decision maker just waits for the sender starts talking. We show that any Pareto efficient
equilibrium excludes such redundant stages. Specifically, we show that in a Pareto efficient
equilibrium, the sender never communicates bad evidence, sender’s silence meets immediate
rejection, and the decision maker’s acceptance probability immediately after seeing a piece of
good evidence is either maximized or minimized among all possible ways of constructing an
equilibrium. It is also shown that in a Pareto efficient equilibrium, once the process of persuasion
starts, the decision maker does not make the error of rejecting a good proposal. We further show
that in the best equilibrium the decision maker requires the largest number of good evidence
in order to accept for sure: intuitively, increasing the amount of good evidence necessary for
persuasion discourages bad senders from trying to persuade.

The uniqueness of the best equilibrium for all parameter values enables us to pin down
a reasonable benchmark on which we conduct comparative static analysis. We particularly
examine the effects of two players’ costs of communication on their expected payoffs and expected
duration of persuasion. We show that a decrease in the costs of communication for the decision
maker (delay costs) benefits her through two effects. The first one is the direct effect. The
second one, which is indirect effect, benefits the decision maker by discouraging the bad sender
from trying to persuade. It also reduces the sender’s expected payoff because it increases the
length of time for acceptance. With respect to the effects of the cost of communication for the
sender, on top of some intuitive results, a decrease in it also lengthens the expected time of
acceptance.

'Hence even if we endow the sender a set of cheap messages as available message, these only have the same
role as silence.



While in the main analysis, we consider that the decision maker cannot make any form of
commitment, we also characterize her optimal commitment problem. First, we show that the
optimal commitment mechanism takes a stochastic form, in which the decision maker attaches
the highest probability of acceptance to each node that prevents the bad type sender from
trying to persuade. Furthermore, it can be shown that this does not harm the sender relative to
the (best) equilibrium, which means that the optimal stochastic commitment can be a Pareto
improvement. This is because the commitment makes it possible to avoid the case in which
the bad sender tries to but fails to persuade the decision maker. In this case, which necessarily
happens with a positive probability in the equilibrium, both pay wasteful communication costs.

In order to consider the case that it is hard to make stochastic commitment, we also examine
a limited commitment method in which the decision maker can make only the non-stochastic
commitment of requiring a predetermined amount of evidence. We show that even this limited
commitment is beneficial for the decision maker relative to the best equilibrium when the sender’s
communication cost is low. However, interestingly, playing the best equilibrium is better when
the sender’s cost is high. This result comes from the fact that the equilibrium of the game
may make the sender pay more communication cost ex-post than the gain from persuasion,
which allows the decision maker to extract more information from him. In contrast, in the
non-stochastic commitment, the sender is perfectly knowledgeable about the outcome of the
persuasion at the beginning, and hence it is impossible to make him show a large number of
evidence.

1.1 Related Literature

Our model is most closely related to the literature on strategic communication with verifiable
messages, which is also called persuasion games. The most important benchmark was developed
by Grossman (1981) and Milgrom (1981). They study a persuasion model in which the sender is
not required to tell the truth in a precise manner, and show that we have complete unravelling of
information. Shin (1994) studies a persuasion game in which the decision maker does not know
how precise the sender’s information is, and shows that unravelling of information breaks down.
Verrechia (1983) incorporates a cost of information transmission for the sender to those models,
and also shows that it prevents complete unravelling of information| In the current, complete
unravelling of information does not happen because the decision maker is not willing to pay the
cost of communication up to the point that full information is obtainedﬂ Forges and Koessler
(2008) characterize the sets of equilibrium payoffs achievable with unmeditated communication
in persuasion games with multi stages. Horner and Skrzypacz (2011) study a dynamic model of
verifiable information transmission in which a seller can transmit information gradually as the
buyer makes payment for it.

In using a setting in which the sender gets a collection of binary signals about the state, this
paper is related to Dziuda (2007) and Quement (2010). Dziuda (2007) offers a model in which
a sender tries to persuade the decision maker to make a particular action by revealing verifiable

2Kartik, Ottaviani, and Squintani (2007) and Kartik (2009) study a model in which the sender’s information
is not verifiable but he bears a cost of lying and hence information is costly to falsify.

3Che and Kartik (2009) build a model of verifiable information but the sender has to pay the cost of information
acquisition. They analyzes the problem of who to ask for advice, given the fact that full information revelation
from the sender does not happen.



information. In her model, the persuader may be either a strategic agent or a truth teller.
Quement (2010) constructs a model in which the sender has either a small number of evidence
or a large number of evidence. Their question is if the strategic sender has an incentive to reveal
unfavorable signals or not, and they show that the sender may do so. Although our model does
not pay a particular attention for the question of whether the sender communicates unfavorable
signals or not, it also has an equilibrium in which the sender communicates unfavorable signals
(and it is proved to be inefficient). This is because even sending an unfavorable signal incurs
the cost and thus it signals that the sender is a good type, who has confidence of being able to
persuade in the end.

There are some studies that investigate a problem of persuasion as a mechanism design
problem. In Glazer and Rubinstein (2004), the decision maker is allowed to check one piece of
evidence of the sender’s proposal, and they study mechanisms that maximize the probability
that the decision maker accepts the sender’s request if and only if it is justified. Sher (2010)
generalizes the Glazer and Rubinstein’s model in a way that both static and dynamic persuasion
can be considered, and characterizes the relation between them. Kamenica and Gentzkow (2010)
demonstrate that a sender can induce his favorite action from the decision maker by ingeniously
designing the signal structure by which they can make Bayesian updating of information. This
paper also addresses a similar problem of how the decision maker should design her acceptance
rule by examining the optimal commitment problem.

Analytically, this study is closely related to a variant of the games of attrition where players
use mixed strategies to resolve the dynamic strategic tensionE] Hendricks and Wilson (1988)
study a war of attrition in a complete information model. Kreps and Wilson (1982), and Ordover
and Rubinsten (1986) consider models of attrition with asymmetric information. Although they
build models on zero-sum payoff structure while we do not, their models are analytically similar
to our model in the sense that some of players must play mixed strategies to have a gradual
revelation of types in an equilibrium. An important difference is that in their studies, one of the
informed players has a dominant strategy for the duration of the game, and as a consequence,
all nodes of game are reached with a positive probability. However, in our study, no player
has a dominant strategy and all players’ incentives are endogenously determined in the game.
One more important difference is that in the variant of war of attrition, duration works as a
indirect signal about player’s private information, which can be cost of fighting, cost of failing
the agreement, time preference, and so on, through showing how much they can “burn money”.
In our model, in contrast, private information is gradually revealed by the process of the decision
maker directly asking the sender. Baliga and Ely (2010) consider a model in which a principal
uses torture to extract information from an informed agent. In equilibrium the informed agent
reveals information gradually, initially resisting and facing torture but eventually he concedes.

This paper is also related to the literature on cheap-talk communication in dynamic models.
Sobel (1985) develops a dynamic cheap talk mode|in which the sender is either a friend or an
enemy of the decision maker, and examines the problem of how long the sender should spend
constructing his reputation and when he should deceive the decision maker. Aumann and Hart
(2003), and Krishna and Morgan (2004) show that multiple exchanges of messages can convey

4A notable difference is that we formulate the game in discrete time rather than continuous time that is
standard in game of attrition.
For a benchmark model of cheap talk game, see Crawford and Sobel (1982).
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more information than a single massage. Eso and Fong (2008) study a model with multiple
senders where the decision maker can choose when to make her decision. They show that the
threat of costly delay can induce instantaneous full revelation of information.

This paper is organized as follows. Section 2 introduces the basic structure of the model. In
section 3, we provide analysis on the simplest example of the model. In Section 4, we provide
general cauterization of equilibrium. Section 5, we do comparative static analysis. In section 6,
we examine commitment problems. Proof of the theorems can be found in the Appendix.

2 Model

There are two players: a sender (persuader) and a decision maker, or DM hereafterﬂ The sender
has a proposal that he would like the DM to accept. The quality of the sender’s proposal 6 (the
state) is either 1 or —1; there is a common prior over the state. The sender does not observe the
state QZ] but he recieves N € Z pieces of evidence that contains information about the quality
of the proposal. Each piece of evidence is either good (G) or bad (B). The vector of evidence
e € {G,B}" is drawn from a distribution g(e|d). Given the environment, we also have the
probability distribution over € conditional on the realization of e. We assume that the pieces of
evidence are interchangeable in the sense that the E[f|e] depends only on the number of pieces
of good evidence in e. Given the assumption, we have the expected value of # conditional on
the realization of j pieces of good evidence among N, and denote it by E[f|j]. We assume that
E[0|7] is increasing with j, which means that more good evidence makes the prospect of the
proposal better. In order to exclude trivial cases, we assume that E[#|0] < 0 and E[f|N] > 0.

Denote by & the threshold number of good pieces of evidence that makes the expected value
of @ strictly higher than zero, that is,

El6l¢ — 1] < 0 < B[o]g].

Furthermore, denote by f the unconditional density over the realization of the number of good
pieces of evidence; the sender’s type. The DM wants to accept the sender’s proposal if # = 1 and
reject if # = —1, and hence she cares about the sender’s type. Everything except the realization
of the sender’s type is common knowledge.

To illustrate our setting, as an example, think of the following simple scenario which is taken
from the literature on strategic Votingﬁ The prior probability that the state being 1 is 1/2. There
are two pieces of evidence, i.e., N = 2. Each piece of evidence is independent with each other.
Conditional on = 1, the probability that a realization of a piece of evidence is G is p > 1/2, and
conditional on # = —1, it is 1 — p. Then it follows that

1-2 m—1
— P _E[f)1]=0, and E[2) = — L —
P2+ (1—-p) P+ (1-p)

Hence E[A|2] > E[A|1] > E[A|0] and ¢ is one. Also, f(0) = f(2) = {p*> + (1 —p)*} and

2
f)y=1-p*>—(1- p)2 . Our setting allows more general cases relative to this example in a

E[0]0]

6Throughout, we use female pronouns for the decision maker and male pronouns for the sender.
"In our model, it actually does not matter at all whether we assume that the sender observes # or not.
8See Feddersen and Pesendorfer (1998) for an example.



sense that we do not necessarily assume that each piece of evidence is independent with each
other.

2.1 Dynamic Game of Persuasion

In the process of the game, the decision maker’s turn and the sender’s turn alternate. At each
turn of the DM, she has three choices: whether she accepts, rejects, or continues, which is
interpreted as requiring a piece of evidence from the sender. At each turn of the sender, he has
three choices: communicating the DM about a good piece of evidence, a bad piece of evidence,
or being silent. It is assumed that the sender cannot reveal more than one piece of evidence at a
time, which is understood to be a technological constraint of communication. We can also think
that it is extremely costly to communicate multiple evidence at a time. The game is terminated
once the DM chooses to accept or reject.

The formal description of the model is as follows. Time is discrete and extends from 0 to
oo that is denoted by ¢t € T = {0,1,2,..,00}. Before everything starts, Nature draws 6 €
{—1,1} and conditional on the realization, it chooses the sender type, the number of pieces of
good evidence the sender has. The number j is the sender’s private knowledge. In our model, it is
assumed that the sender is not informed about the realization of 6, although it does not matter at
all for the analysis. At period 0, the decision maker chooses one from { A, R, C'}, where A, R, and
C' correspond to accept, reject, and continue (require a piece of evidence), respectively. If C' is
chosen, the game proceeds to period 1. In period 1, first the sender chooses m; € {G, B, S} under
the condition that he can choose G (B) only when j > 1 (j < N — 1). Here, G and B mean to
show a good or bad piece of evidence, respectively, and S means that the sender remains silentﬂ
He can show a good (bad) piece of evidence only when he has at least one of it. Then the
communication takes place. Then the DM chooses one from {A, R,C} and in the case that C is
chosen, the game proceeds to period 2. Now, in the beginning of period 2, the sender chooses
me € {G, B, S} under the condition that my can be G only when j > 2 if m; = G and j > 1 if
my # G. We have the symmetric condition for B as well. The rest of the game is described in
the similar manner. The game terminates once the DM chooses either A or R.

Message history at period t is a sequence of messages communicated up to period ¢, and it
is denoted with superscript by m’. The set of all histories at period ¢ is M* = x,{G, B, S}, and
the set of all histories is M = UM?". Then define function Ng : M — {1,2,... N}, Ng: M —
{1,2,..,N} and Ng : M — {1,2,.., N} as the number of G, B, and S along message history
m!, respectivelyf{’] Obviously, we have Ng (m') + Ng (m') + Ng(m') = t. In the following
analysis, the set of available message for type j sender after message history m! is denoted
by M (m!,j), that is S C M (m',j) for all (m!,j) and

G e M (m',j) iff j > Ng (m') and Be M (m',j) iff N —j > Ng (m').

Therefore, M (m?, j) cannot contain G (B) if the sender runs out of good (bad) piece of evidence
to communicate on the history m!.

9We can also change the model by allowing sender to send a cheap message from a finite set of cheap massages,
without adding any change to the results.

More precisely, Ng (m!) = [{klmy =G, k<t}|, Ng(m') = |[{klmy =B, k<t}|, and Ng(m!) =
Hklme =S, k <t}.



In our model, persuasion is costly for both players. We can simply think that it is costly
because it takes valuable time and there are cognitive costs that they have to pay to make the
DM understand the sender’s explanation. Specifically, we want to think that communication is
costly for the DM because it delays his decision making, and it is costly for the sender because
formulating or explaining evidence to the DM is costly due to cognitive costs. In this sense, we
will use the term "communication cost" in a broad sense including delay cost.

We can also take the interpretation of Dewatripont and Tirole (2005)’s observation, which
states that information is neither hard nor soft initially, but the degree of softness is endogenously
changed. Only by combining two sides’ mutual effort can they turn the information into hard. If
we take this interpretation, we assume that the degree of softness is zero—oné:f]. To make things
simple, we simply assume that the cost of communicating a piece of evidence is fixed for both
sides. Thus the communication technology for our model is specified as follows:

Communication cost for the DM.
The (one time) cost of communication for the DM is represented by a functionn : {G, B, S} —
R, where
1>n(G)=n(B)>0andn(S)>0.

Communication cost for the sender.
The (one time) cost of communication for the sender is represented by a function § :
{G,B,S} — R, where
d(G)=9(B)>0andd(S)=0.

These say that communicating a piece of evidence G or B is costly for the DM as well as
the sender, and in particular, communicating a piece of good evidence incurs strictly positive
cost for the both. Silence is also costly for the DM['?| while it is not for the sender. Although it
is possible to work on a model of positive silence cost for the sender, the assumption simplifies
some of the mathematical expressions that appear later. Assumptions of 1 (G) = n(B) and
0 (G) = 6 (B) are purely for notational simplicity, and it is straightforward to extend the model
by relaxing those assumptions.

In the following, we simply denote 1 (G) (and hence also 7 (B)) by n, n(S) by ng, and
d (G) (and hence also § (B)) by 6. The communication costs that two players have to pay de-
pend on how many times pieces of evidence or silence are communicated multiplied by the
communication cost. To shorten the notation, we define the functions that represent the costs
of communication along the message history m! as follows:

Cpu (m') =n{Ng (m') + Ng (m")} + ngNs (m")
for the decision maker and
Cg (mt) = (S{NG (mt) + Np (mt)}

for the sender. As soon as the DM takes an action both of the players get their respec-
tive payoffs. The DM’s (expected) payoff when the seeder type is j, which is denoted by

"Tn Dewatripont and Tirole (2005), in contrast, the level of effort, which can increase the probability of being
able to make information hard, is chosen by both sides. They examine the problem of moral hazard in team in
that setting.

121 is also possible to choose a model setting in which silence does not incur cost for the DM. We chose the
current setting because it generates inessential multiplicity of equilibrium.
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Upu (a,j,m'), depends on the particular action (accept or reject) taken by the DM, the type
of the sender, and the communication history after which the DM takes action:

UDM (A,j, mt) = E[e‘j] — CDM (mt) and UDM (R,j, mt) = _CDM (mt) .

When the DM accepts the proposal, her payoff depends on the sender type through the term
E[#|j], which should be interpreted that the actual payoff of the decision maker is § and its
expected value is taken.[::f] If the DM rejects the proposal, she has an outside option that ensures
her payoff of zero, and just pays her communication cost.

The sender’s payoff, which is denoted by Us (A, m"), depends only on the particular action taken
by the DM and the communication history after which the DM takes the action:

Ug (A, mt) =V -Cq4 (mt) and Ug (R,mt) =—Cyg (mt) ,

where V' > 9. Hence the sender’s payoff is V, which is the gain from persuading the DM, minus the
communication cost if the DM accepts his proposal. It implies that the sooner he can persuade
the DM, the higher his payoff is. It is possible that even if he could eventually persuade the
DM, the communication cost is larger than the gain of persuasion V. On the other hand, he just
pays the communication cost when the DM ends up with rejecting the proposal.

Hence in our model, the cost of communication, which can be interpreted as a time cost,
appears in the players’ payoffs in an additively separable form. An alternative setting is one in
which players’ payoffs are discounted as time goes by. This setting, however, cannot generate
the equilibrium that we will characterize; in such a setting the sender does not have an incentive
to give up persuasion because his payoff just shrinks and never becomes negative. On the other
hand, it is possible to model the DM’s payoff in a discounted form and still get the same type of
equilibrium, because even in such a setting, she faces the same trade-off between prompt decision
making and information collection.

Now we define the strategies of two players. The sender’s (behavior) strategy is a probability
measure « (-, m’, j) over available messages M (m!, j), parameterized by (m?,j). It represents
the type j sender’s strategy after message history m!, and « (m, m’, j) is the probability that he
chooses a particular message m € {G, B, S}. The strategy of period 1 is denoted by « (-, &, 7) , by
using a convention of notation m® = &. On the other hand, the DM’s (behavior) strategy is a
probability measures 3 over {A, R, C'}, parameterized by m'. Her strategy at period 0 is 3 (-, @).

We introduce notations and definitions to be used in the subsequent analysis. As the game
proceeds, the DM’s belief about the sender type evolves. Her belief, which is parametrized
by message history m' is represented by a vector of function B, : M — [0,1] for n =
0,1,2,..,N such that 25:0 B, (m') = 1, that is, B; (m') is the probability that the DM at-
taches to the event that the sender type being j, after communication history m?.

Given a sender’s strategy «, we can define the probability that a particular message history

is followed, that is
N

o (m') = f)Mia(m,m™"j).

J=0

13More precisely, the DM’s utility depends on the state, action, and message history that is written as
UDM (A,Q,mt) =0 - CD1\4 (mt) and UDM (R,&,mt) = *CDM (mt) .
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Given the DM as well as the sender’s strategy, we can define the set of message history that can
be reached with strictly positive probability

N

A={m' ]Zf DIy (mg,m® 1 j) - 8(C,m* ) > 0}.

=0
We simply call elements of A on-equilibrium message history.

In the following analysis, we use the following notations for the ease. The notation (m’, m) reads
“a message history such that m! is followed by m”. In particular, (m‘,G) € M'*! represents
message history m! followed by G (Also, (m!, B) € M should be read similarly). Also, we
denote by G € M! the message history at period ¢ that contains only G.

2.2 Equilibrium

Our solution concept is that of perfect Bayesian equilibrium, as is defined in Fudenberg and
Tirole (1991, Definition 8.2)@ This requires that after each history of messages m! € M, the
DM maximizes her expected payoff given her belief about sender’s type and her and the sender’s
future behavior, and also the sender maximizes his expected payoff given the DM’s strategy.

In order to formally define the equilibrium, we first define the value function of the players.
In our game, the decision of each period necessarily depends upon the decisions of the next
period, and that in turn depends on the decision of the following period, and so on. The value
function we will define makes it possible to summarize all the information about the future play
of the game that is necessary for making the current decision.

We start by defining the value function for the DM. In order to do this, let ¢(|m') be
a probability distribution function over {G, B, S}, parametrized by m' € M, which can be
interpreted as the DM’s belief about next period’s messages she will hear from the sender,

should she continue. We say that a function Vp,, : M — R is a value function for the DM given
(¢, B) if, for all m' € M,

N
Vo (m') = max{ max > B; (m') Upy(a,j,m"), > @(mlm")Vou (my,m)} (1)
a€{A,R} <
j7=0 me{G,B,S}
and
tlim Vpu(m') = —oo for all {m;}2,. (2)

The left element in the right hand side of (|1f) is the expected utility for the DM when she makes
decision immediately after message history m!, whereas the right element is the expected value for
waiting for one more period. The value of communication history m! is determined by their bigger
one. The next condition (2) is understood to be the counterpart of “no-ponzi game condition” in
dynamic optimization problems in our model. In a typical formulation of a consumer’s dynamic
optimization problem, the no-ponzi game condition ensures that the consumer cannot keep
borrowing money over time and accumulating debt and thereby makes his utility arbitrary

M Their definition is for finite multistage games. Here instead, the game has infinite stages and hence the
definition follows is a slight generalization of it.



large. Condition (2) is the reminiscent of that restriction in our model, which is necessary to
pin down the value function for the DM; without it, the uniqueness of the value function is not
ensured. Note that is the same as requiring lim; ., Vpas(m') = —Cpas (m?) , because silence
is costly for the DM and hence lim; ., Cpys (m?) — oo for all sequence of history {m'}2,. We
have the following lemma, which states that once we are given the sender’s strategy and the
DM’s belief, the value function for the DM is uniquely determined.

Lemma 1 Given (¢, B), Vpar is uniquely determined.

Similarly, we can define the value function for the sender. In contrary to the value function
for the DM, sender’s value function should be parametrized by his type. We say that a function
Vs : M x N — R is a value function for the sender type j given the DM’s strategy [ if

Vs (m',j) = B(Am")Us (A m')+ B (R,m") Us (R m')

t t -
+6 (Oa m ) meﬂ?r}rft,j) VS ((m 7m) 7.]) (3)

and
Jim Vs (m',j) = — lim 6{N¢ (m') + Np (m")} for all {m'}2,. (4)

The max operator in the right hand side of (3) subsumes the fact that the sender behaves
optimally at the next period. We also have no-ponzi game condition for the sender as well. Then
we have the same lemma as when we defined the value function of the DM.

Lemma 2 Given (8, Vs is uniquely determined.

Corollary 1 Value function Vpys satisfies —Cpyr (m') < Vpy (m?) < 1 — Cppr (mb) for all
m! and value function Vg satisfies —Cg (m') < Vg (m',j) <V — Cg (m').

With above preparations, we can define the equilibrium. Think of the following conditions
for a pair of strategies and the DM’s belief (a, 3, B, ¢).

D1. The optimality of the sender’s strategy at every history of messages:

« (m,mt,j) > 0 only when m € arg max Vg ((mt,a) ,j) .
meM (mt,j)

D2. The optimality of the DM’s strategy at every history of messages:

B(C,m") > 0 only when Vpy (my) = E[Vpa (m™1)|m)],
anda € {A, R}, B(a,m") >0 only when Vpy (m;) = E[U(a, j,t)|m'].

D3. Bayes’ rule for the belief of the DM (B, ¢) : For all m* € M,

@ mt+1|m ZB mt+17mt7j) )

and if there is some j such that a (my,j,m'™') > 0 and B; (m'™') > 0,

B. (mt) _ B (m'™ 1) a(my,m', ) 1) _ f () a(m,2,j)
’ ZiLV:O Bn (mt_l) 04 (mt’ mt_lv n) Z?jjzo f (n) Q (m17 9, TL)
B;j (m') =0 for all j < Ng (m') and B; (m') =0 for all j > N — Ng (m').

Our equilibrium is defined by those three conditions.

and B; (m
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Definition 1 A pair (o, 5, B, @) is a perfect Bayesian equilibrium iff it satisfies D1-D3.

The first condition D-1 requires that the each time the sender chooses what to communicate,
he chooses the one that maximizes his value. Note that this must hold not only for message
histories that are reached with strictly positive probability (on-equilibrium history) but also the
histories that are not supposed to reach with positive probability (off-equilibrium history). D-2
requires that same kind of behavior for the DM. She chooses to continue only when it maximizes
her value, in which case her value Vpys (my) is equal to E[Vpy (m!T1)|m?)], and same for the
choices of accept and reject.

Note that D-3 is stronger than simply using Bayes’ rule in the usual fashion, since it applies
to updating from period ¢ to period ¢ + 1 when messages history m! has probability zero, i.e.,
m' ¢ A. The motivation for this requirement is that if B; (m') represents the DM’s beliefs given
m?t, and players follow their strategies at ¢ + 1, the DM should use Bayes’ rule to form his belief
in period t 4 1115]

The final requirement in D-3 simply says that the DM assigns zero probability to the type
of the sender who has strictly smaller number of pieces of good (or bad) evidence than already
shown. In the terminology of incomplete information game, the set

{(j.m") i = Ng (m") and N —j > N (m')} € {0,1,.. N} x M

is the information set for the DM after getting message m!, and hence the DM has to put all
the probability mass in this set.

Note how the two belief functions B and ¢ play different roles in the DM’s decision making.
The belief function B, which shows the DM’s belief over how good the proposal is, is relevant
for choosing whether to accept or reject, if she has to make decision immediately. On the other
hand, the belief function ¢, which shows the DM’s beliefs about the sender’s behavior at the
next period, is relevant for choosing whether to decide immediately or to continue.

We conclude this section by showing some immediate results that follow almost directly
from the definition of the equilibrium. The first one says that once the sender communicates
sufficient number of pieces of good evidence, the DM accepts the proposal for sure, and the
sender just remains silent afterwards (thus such a node should be off-equilibrium). The proof is
straightforward and hence omitted:

Claim 1 1. In any equilibrium, for all m' such that Ng (m') > &, (A, m') = 1.
2. In any equilibrium, for all m' such that Ng (m') > &, a(S,m',j) =1 for all j.

Since the DM, after verifying that the sender’s proposal has enough number of good pieces
of evidence, already knows that her optimal action is to accept the proposal irrespective of the
realizations of the rest of evidence, she does not pay more communication cost and reveal the
rest of evidence. On the other hand, knowing that the DM will accept the proposal, the sender
does not communicate remaining evidence by incurring the communication cost.

Given an equilibrium, let = be the set of on-equilibrium history of termination with ac-
ceptance, that is, m” € Z if and only if §(A,m7) = 1 and m™ € A. From the definition,
B (A, m®) < 1 for all m*® that is a sub-history of m”. The next result says that the DM accepts
the proposal for sure on equilibrium only after she is shown a piece of good evidence.

5For more discussion about the requirements, see Fudenberg and Tirole (1991).
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Proposition 1 For allm™ = (m™ ", m,) € Z, it must hold that m, = G.

This follows because if there is a message history such that (m™!, B) € Z or (m™1,5) €
=, even the lowest type sender among all types who may follow m™ ! can get accepted at
period 7, which implies that there is no screening of a bad sender takes place at period 7. This
contradicts the fact that the DM chooses continue after m™ 1.

Remark 1 One may think that we should impose more restrictions on off-equilibrium belief
than when we are working on the usual signaling games. This is because in our game, the DM’s
decision to take an action or continue crucial depends on her belief after the current period. In
particular, when she decides to take some action and thereby terminates the game, that decision
must be based on her off-equilibrium behavior of herself and the sender, and moreover, even
their off-equilibrium behavior also depends on further off-equilibrium behavior. Therefore, one
may want to use the concept of sequential equilibrium (Kreps and Wilson (1982)), rather than
perfect Bayesian equilibrium just because it imposes more restrictions on off-equilibrium belief of
the players. However, in our game it can be shown that those two equilibrium concepts coincide
in a fundamental sense. In order to show this, let us define the usage of the term outcome
equivalence. Let O := M x {A, R} be the set of pairs of message history and the DM’s action.
Then, the outcome of the game is a probability distribution over O. Then we say that that two
different strategies pairs (o/, 3, ¢, B') and (o, 3", ", B") are outcome equivalent if they induce
the same outcome. Note that in such a case we have 3 (-,m') = 3" (-,m') on everym! € A’ and
o (m,j,mt) = o (m-j,mb) for every m if j € P(m') and m' € A’ such that ' (C,m') >
0, where A" C M is the set of nodes that can be reached with strictly positive probability (the set
of on-equilibrium history in equilibrium (o, 3',¢', B')), and A" C M is defined in the similar
manner. It is easy to see that those imply A" = A”. We will call a PBE («, 3, ¢, B) a sequential
equilibrium if there is a sequence of totally mized strategqy (o, B, ©*, BY), with A € N, such
that for each m* € M and j, it converges to (o (m?,j), 3 (m?), o (m'), B (m')) € R¥*N. Then
we have the following claim.

Claim 2 For every PBE, there is an outcome equivalent sequential equilibrium.

3 An Example

This section is devoted to the analysis of the special case in which the number of pieces of evidence
is two and every piece of evidence should be good for the expected value of the proposal becomes
positive, that is, NV = £ = 2. Although this case is a special case, it is useful for getting the idea
of the construction of the equilibrium and it provides fundamental properties that are shared
with more general cases.

The first observation is that the DM’s strategy of continuing until two pieces of good evidence
is communicated is not supported as an equilibrium. This is because this naive strategy makes
the type 1 sender give up persuasion by silence from the beginning, because he knows that two
pieces of good evidence are necessary to persuade the DM. However, it makes the DM strictly
better to accept immediately after one piece of good evidence, because it already screened out
low type sender. This implies that equilibrium necessarily involves mixing strategies to resolve
the tension.

12



To focus on the most interesting case, we impose the following assumptions.

Ef]j > 1] > (®land —E[0[1]f (1) > nf (2) +nsf (1) (5)

The second condition says that the cost of communication is low enough, compared the loss
from accepting the type 1 sender’s proposal. Roughly speaking, the DM is willing to pay the
communication cost if she can screen out type one sender when she knows that the sender is
either type 1 or 2.

Even in this special case, we have a plethora of equilibria. The next proposition characterizes
one of those, where the reason we focus on it is fully discussed in the next section (it is actually the
ex-ante best equilibrium for the DM). In the statement of the theorem, we omit the description
of off-equilibrium behaviors, because it is straightforward to specify those. Remember that the
second element of the sender’s strategy « is a message history, and the third element represents
the type of the sender.

Proposition 2 A pair of strategies that satisfies the followings is an equilibrium.

1. Type 2 sender communicates good pieces of evidence in row: « (G,2,2) = a(G,G,2) =
1, and type 0 sender chooses silence at period 1: « (S, d,0) = 1.

2. Type 1 sender mizes at period 1:

f(2)n
f (1) (B[O]1] +ng)

3. At period 2, the DM accepts if she has been communicated two pieces of good evidence,
and rejects otherwise:

a(G,a,1)=cand a(S,9,1) =1— ¢, wherec=—

B(A(G,G)=1and 8 (R,m*) =1 ifm* # (G,G).

4. At period 1, the DM mizes between continuing and acceptance if she has been communicated
a piece of good evidence, and rejects otherwise:

5. At period 0, the DM continues (8 (C, @) = 1) if W > max{0, E[f]}, rejects (5 (R, D) = 1)
if 0 > max{W,E[0]}, and accepts (5 (A, @) =1) if B[0] > {W,0}, where

W =cf (1) (BO]1] —n) + £ (2) (BI]2] —n) = {f (0) + (1 = ) f (1)}ns.

The second period strategies are easy to see. The DM accepts the sender’s proposal if
the sender communicates the second piece of good evidence again and rejects otherwise, which
induces the sender to communicate the last piece of good evidence if he still has it. For the first
period strategies, after checking one piece of good evidence, the DM mixes between accepting
and continuing. The probability that she accepts is ¢/V, which makes the sender type 1 be
indifferent between trying persuasion (by communicating good evidence) and giving up by being
silent. On the other hand, the probability that type one sender tries persuasion is set in a way
that the DM is indifferent between accepting and continuing and thereby screening it out at

16 This is rewritten as f (1) B[A|1] + f (2) E[#]2] > 0, which is compatible with ¢ = 2.
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period 1. Note that if this probability is too low, at period one after checking one piece of good
evidence, the DM is sure enough that the sender is type 2 and she strictly prefers to accept, and
if it is too high she strictly prefers to continue. The expression ¢, which is the type one sender’s
trial probability a (G, @,1), follows from the condition['"]

@ _ o cof £(2)
O e IR IO LA ORIk

The left hand side, the conditional probability that the sender is type 1 after communicating one
good evidence is multiplied by the expected loss from acceptance, is the benefit of communicating
one more time. The right hand side is the expected cost from communicating one more time,
given the sender’s strategy. Those two must be equal, because the DM must be indifferent
between acceptance and communicating one more time.

At period zero, if the benefit from proceeding to period 1 is higher than the expected payoff
from accept or reject without communication, the DM chooses continue. In such a case, we have
W, which is characterized in the proposition, becomes Vp s (@) .

An important point to note is that at period one, it is the optimal for type 2 sender to
communicate a piece of good evidence, because he is sure to be able to persuade the DM.
This is so even when 2§, which is the communication cost he ends up paying is larger than
V. This implies that he is expecting "success with regret" to happen with some probability at
the beginning of the game, because at period 1 after being required one more piece of evidence,
his first communication cost is sunk and responding to the DM’s request and showing the second
good evidence becomes the optimal.

The specific equilibrium provided in Proposition 2 has some special characteristics that we
focus in the next section. First, a piece of bad evidence is never communicated on-equilibrium.
Second, the acceptance probability after communicating a good evidence is 6/V or 1. Finally,
silence meets immediate rejection. Although there are other equilibria that do not satisfy those
properties, we will discuss in the next section that equilibria that have those properties are more
plausible relative to other equilibria.

An important note is that we can also have an equilibrium in which only one good evidence
is needed to persuade the DM. Actually, if

f(U) (BOA] =n) + f(2) (B[]2] = n) = f(0) ng > max{0, Bf]},

the DM chooses to continue at time zero even if she knows that she is able to screen only type
zero sender out. In such an equilibrium, both type one and two sender success persuasion by
communicating only one piece of good evidence. Obviously, the equilibrium payoff is lower for

17 Alternatively, we can write it as

f(2) cf (1) f(2) cf (1) .
cof (1) +f(2) cof (1) +f(2) cof (1) +f(2) of M)+ f(2)"
where the left hand side represents the DM’s expected payoff from accepting the sender’s proposal after checking

a single piece of good evidence, while the right hand side is her expected payoff from continue and screen type
one sender out.

E[6|2] + E[0]1] = (BlO[2] —n) +
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the DM and higher for the sender, relative to the equilibrium of Proposition 1 (this fact is
generalized in subsection 4.3).

In the rest of this section, we investigate more about the equilibrium in our example. First
we do some comparative statics with respect to the parameter values  and 0. We start it by
looking at the effect of 4.

Proposition 2 shows that the sender’s cost § has no effect on the DM’s expected payoff. On
the other hand, it has negative effect on the sender’s expected payoff E;[Vs (2, j)]. To see this,
think of the case that we increase ¢§. It has no effect on type 0 sender’s payoff, because it does not
participate in the persuasion process. Also, it has no effect on type 1 sender’s expected payoff,
because the increase of the cost is exactly offset by period 1’s acceptance probability. Type 2
sender’s expected payoff, however, will be decreased because period 2’s acceptance probability is
still one, and thus does not fully compensate the burden of the increase in the cost. It is easily
seen that the increase in sender’s cost decreases the expected time of DM’s decision making
through the increase the acceptance probability at period 1.

We next discuss the comparative statics with respect to the DM’s cost of communication,
7. Proposition 2 demonstrates that it actually has no effect on the equilibrium payoff of the
sender, E;[Vs (9, j)], as long as is satisfied, because it does not affect the acceptance proba-
bility at period one and two.

It is obvious that n has a strictly negative relationship with Vpy, (@) . An interesting fact is
that when 7 decreases, the DM can enjoy not only direct effect as well as indirect effect of the
decrease. It is seen by the following relation:

Ooa (G
Wou(e) _ —aGoNIW-1() 222D £ ) wlogy - 0+ )
o1 Direct effect () Indirect effect (—) g
90 (G, 2,1) 1@
e T T TO®Ee )

The direct effect is obvious. Since the sender will communicate a piece of good evidence
with probability o (G,@,1) f (1) + f (2) at period one, it becomes the first order effect on the
decrease in 7. Indirect effect stems from the fact that the DM must be indifferent between
communicating and accepting after communicating once. To keep her indifferent after n gets
smaller, the probability that type 1 sender tries to persuade should be suppressed so that the
gain from screen that type out at period 2 gets smaller.

An important implication is that the DM wants to make commitment if she can write down a
contingent plan to follow, rather than playing the original game. In fact, it is easy to see that the
following method of commitment, if possible, makes the DM better off for sure: the DM accepts
the offer with probability slightly smaller than §/V at period one if a piece of good evidence is
shown. At period two, she accepts for sure if the second piece of good evidence is shown. She
rejects immediately when the sender shows something else. This commitment makes the DM
better off because if the sender does not have two good pieces of evidence, he remains silent from
the beginning and hence the commitment makes it possible to avoid accepting type one sender’s
proposal, that happens with some probability in the equilibrium of the original game.
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We can also see that the DM can make herself better off even if she can make a limited form
of commitment. Think of the commitment in the following method: the DM commits to check
two pieces of evidence as long as the sender tries to communicate, and she accepts the proposal
if two good pieces of evidence are shown. If, on the other hand, the sender chooses silence,
the DM immediately rejects the proposal. To ensure that the sender’s incentive compatibility
is satisfied, we assume that V' > 2. Then the expected utility for the DM from this limited
method of commitment is

Vo = f)E[B|2] - 2f (2)n = (f (0) + (1)) ns.

With probability f (2) the sender is type 2 and the DM has to pay the communication cost of 27.
Otherwise, the sender is a bad type (type 0 or 1) and she will pay just a period cost of silence.

The expected payoff from this limited commitment is higher than W, which is the expected
payoft from playing the original game. Actually, it is computed as

Voe=W+a(G,2,1) f(1)n, (6)

Note that « (G, @,1) is the probability that the decision maker can prevent type one sender
from persuasion by making the commitment, relative to the equilibrium of the game. Given the
equilibrium strategy of the sender, the following strategy is an optimal for the DM: continue after
the first pieces of good evidence and accept after the second piece of good evidence, and otherwise
reject. Then, the decision maker expects that if the sender is type 1, she communicates a piece
of good evidence with probability « (G, @, 1) and silent with probability 1 — « (G, @, 1) . In the
former case, she will end up being silent in the next period. Hence, the expected communication
cost with sender type 1 in the equilibrium is ng + « (G, &, 1) n, while it is just ng when she
makes the commitment. Since the expected communication cost with sender type 2 is the same
between the equilibrium and the commitment (27), the relation (6) follows. In a nutshell, the
commitment makes it possible to avoid checking type one sender’s piece of good evidence, by
completely discouraging it from persuasion. Whether the DM can make herself better off when
the condition V' > 26 does not hold is discussed in section 6.

Although this simple example is enough to give the intuition to some of the important results
that are valid for more general cases, there are still some questions that cannot be addressed
by the simple example. For example, obviously, in the setting of N = £, we cannot have an
equilibrium in which communicating a piece of bad evidence is on-equilibrium. However, such
an equilibrium does exist in more general cases of N > £. To see this, think of the case in which
¢ is large and all types of sender chooses B or S at period one. If the sender chooses GG, the DM
believes that the sender type is exactly 1 (off-equilibrium belief that we have no restriction), and
hence immediately rejects the proposal. This in turn makes the sender avoiding G. Hence one
possible question is if such an equilibrium is efficient or not, relative to other equilibria.

4 (General Analysis

This section is for characterizing the properties of equilibria. In the first subsection, we give
some basic properties of all equilibria. In the second subsection, we examine the properties
that must be satisfied in an efficient equilibrium. Those are 1. a bad piece of evidence is never
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communicated. 2. Silence meets immediate rejection. 3. acceptance probability after good piece
of evidence is /V or 1. In the third subsection, we characterize the best equilibrium for the
DM, which is unique. We show that the best equilibrium must have the longest possible length
of communication among Pareto optimal equilibria.

4.1 Properties of All Equilibria

As in most signaling games, our model also has a plethora of equilibria. However, it is possible
to identify some important properties that all equilibria have to share.

The following theorem characterizes the most important properties of the equilibrium in our
persuasion game. It says that every time a piece of good or bad evidence is communicated
on-equilibrium, the DM must accept the proposal immediately with strictly positive probability.
It also characterizes the lower bound of it.

Theorem 1 In any equilibrium, if m'*' = (m',G) € A then B (A,m'*) € [6/V,1]. Also, if
mtt = (m!, B) € A then B (A, m!™) =4/V.

This result follows from the fact that communicating a piece of good or bad evidence incurs
cost for the sender. If the probability of acceptance is very small right after (m', G), for the
sender, communicating an evidence does not pay from myopic point, which implies that he ex-
pects acceptance with high probability in the future. It implies that every on-equilibrium history
afterwards reaches a node that the DM accepts with some probability and hence acceptance is
the best action for the DM at the node. However, it implies that acceptance is an optimal in all
the contingencies, which implies that the DM should accept the proposal rather than continuing

after (m', G)[|

An important implication of the theorem is that in an equilibrium, the DM must not strictly
prefer to continue each time she is communicated a piece of good or bad evidence. In constructing
the equilibrium, this restriction imposes conditions about how much of bad sender types drop
persuasion in the next period, and hence how much the DM’s informational gain is. Note,
however, that it is possible that the DM strictly prefers to continue at period 0, at the point
where the sender has not yet paid the communication cost.

The next statement is an immediate corollary to Theorem 1, but also provides an important
characterization of the equilibrium in our game. It says that silence has essentially no power of
persuading the DM.

Theorem 2 In an equilibrium, if m'** = (m?,S) € A, then 8 (A, m'™!) = 0.

18Tn the alternative setting in which g = 0, the proposition can be rewritten as follows: if m!*! = (m!,G) €
A then there is a sequence of silence stage m7,; = (S, .., 5) such that

7—1
B(Am ) =" B(A (m T my)) B(C, (m™ my))"" > 6/V,
s=t

that is, the DM must accept the proposal with probability higher than §/V before they communicate another
evidence.
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From Theorem 1, every essential communication (not silent) meets immediate acceptance
with a strictly positive probability. If moreover silence, which incurs no cost for the sender, also
meets immediate acceptance with a strictly positive probability, acceptance is an optimal for all
contingencies from the previous period’s point of view. However, then for the DM it is strictly
better to accept immediately at the previous period, which is a contradiction.

Theorem 1 implies that the value of a message history for the DM after a piece of evidence is
shown (not silence) is equal to the expected payoff from accepting the proposal because it is an
optimal action, where the expectation is taken with all the information she had gained through
the message history. This is stated in the following corollary. Note that this should be the case
even after a piece of bad evidence is communicated as long as it is on an on-equilibrium path.

Corollary 2 In any equilibrium, it holds that

N
Vo (mt) = ZB” (mt) Upn (A, n,m") for all (m;_1,m;) € M x {G, B} € A.

n=0

4.2 Pareto Optimal Equilibria

In this subsection, we demonstrate that an efficient equilibrium is characterized by three proper-
tiesr_g] Towards this end, first we define the set of Pareto optimal equilibria. Denote by £ (1,714, d) the
set of all equilibrium for a given pair of parameter values (1, 7g,0). Also, we denote each value
function with superscript e when we are mentioning it in a particular equilibrium e. We define
the set of Pareto optimal equilibria as follows:

Definition 2 Given (n,ng,9), the set of Pareto optimal equilibria P(n,ng,d) C E(n,ng,d) is
defined as follows: If e € P(n,mg,0), there is no ¢ € E(n,ng,06) such that Vi, (@) > V5, (D)
and B[VE (2,7)] > B[VE (@, 7)], where the expectation is taken with respect to j, and one of
the inequalities is strict.

While we defined the set of Pareto optimal equilibria in a way that the sender’s expected
payoff is compared ex-ante, before the state of the world is realized, we can also define it
in the interim way, in which the sender’s expected payoff is compared after the state of the
world is realized, i.e., the condition “E[V¢ (2,;)] > E[VE (@, 4)]” is replaced by “V¢ (@,5) >
V§ (2,7) for all j7. However, all the results provided in this section are valid for whichever
criteria we choose.

We define an important class of equilibrium that includes the set of Pareto optimal equilibria
as a subset. In any equilibrium in the set, silence meets immediate rejection, even a single
piece of bad evidence is never communicated, and acceptance probability is minimized among
all possible ways of constructing an equilibrium.

19Tn this section, we ignore cases of some non-generic constellations of parameter values. More precisely, we
exclude the cases in which ) )
S 0) EBlF] +ns)

i f ()

2Hence B[V (2,4)] = Y10 £ (7) VS (2,4)

=7 for some j < &.

18



Figurell.

Vou G*)=Elq1 i 4-

G4
°
G3
VDM (Ga) GZ
Vou (Gz) G
Vou (G)
0 1 \2 3 4
L °
hs-h (G,S)\
-h.-2h L
s (G2S)

-h-3h )
(G%9)

Period

&~
©w e

Definition 3 Given (1,ng,0), the set of benchmark strategy equilibria B(n,ng,6) C £(n,ng,0) is
defined as follows: If e € B(n,ng,9),

1. A bad piece of evidence is never communicated, that is, (m', B) ¢ A for all m' € M.

2. For all (m',G) € A, it holds that

I6; (A, (mt,G)) € {6/V,1} and (C’, (mt, G)) =1-p (A, (mt, G)) ) (7)
3. For all (m*,S) € A, it holds that 3 (R, (m',S)) = 1.

A property of benchmark strategy equilibrium is that once the DM chooses to enter the
communication phase (period 1), all sender types higher than the number 7 such that 5 (A, G™) =
1 keep communicating good evidence until the proposal is accepted (it is the only optimal
behavior given the DM’s strategy). The DM never rejects the proposal from a high type sender,
because he keeps communicating the good pieces of evidence, until the DM accepts eventually.
Hence the DM does not make type I error in this sense.

Figure 1 describes how the value of the DM evolves over time in a benchmark strategy equi-
librium. At period 1, the sender sends either G or S and the DM’s value becomes Vpys (G) and
—ng, respectively. Because in a benchmark strategy equilibrium only low type sender sends S at
period 1, the DM’s optimal action is to reject immediately and it results Vpys (S) = —ng. Once
the game reaches the node G, accepting the proposal is an optimal and she is indifferent be-
tween doing so and continuing. This means that Vpy, (G) is the appropriately weighted average
of Vpar (G?) and Vpyr (G, S) . The latter is —ng — n because again only low type sender sends
S at period 2 and hence rejection is the optimal. At the final period where the DM accepts the
proposal for sure, say period 7, her value reaches E[0|j > 7] — 7.

It is useful to define the "length" of persuasion for a benchmark strategy equilibrium. Given
a benchmark strategy equilibrium e € B (n,ng,d), we call the number A such that g (A, GA) =
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1 but 8 (A,G") = §/V forall t < A, as the length of persuasion and denote it by Ng (e). Actually,
the length of persuasion is the number of pieces of good evidence to be required to make the
DM accept for sure. Note, of course, that the DM may accept the proposal sooner with some
probability and hence the terminology should be understood to be an abbreviation of “maximum
possible length of persuasion”.

An important property of benchmark strategy equilibrium follows directly from the definition.

Claim 3 1. In a benchmark strategy equilibrium e, for all j < Ng (e), Vs (9,j) = 0. Moreover,
for all j < Ng(e) and j <t < Ng(e), Vs (G j)=(t—1)4.

2. In a benchmark strategy equilibrium e, for all j > Ng (e), Vs (2,7) > 0. Moreover, for all
j > Ng(e) andt < Ng(e), Vs (G j) > (t—1)9.

In a benchmark strategy equilibrium, after each message history, the sender’s has only two
choices; communicating a piece of good evidence, or being silentT| Because silence effectively
implies giving up persuasion, the sender’s strategy is characterized by a "dropping vector".
Formally, type j sender’s strategy is characterized by a ¢ dimensional vector

dj = (d},d3, ... d5),
where d’f, which is « (S, G, G™ 1), represents the probability that type j sender drops persuasion
by silence at n’s trial, i.e., if djl- = 1, type j sender drops at period 1 for sure. Obviously, in
a benchmark equilibrium e, for all type j > Ng(e), dj = 0 for all n < Ng (e), because it
never drop out until eventually persuading the DM (this follows from Claim 3). We denote
N x £ dimensional vector (dy, ds, ..., dy) (collection of all sender types’s strategy) by simply d in
the subsequent analysis.

The next proposition shows the equations that characterize our benchmark strategy equilib-
rium.

Proposition 3 Sender’s strategy with dropping vector d such that d]l > 0 for some j is supported
as a benchmark strategy equilibrium if and only if there is k such that

Zdt“ﬂ (1—d})f () B[] (8)
Z T (1= d5) f (5) + s Z di M, (1= d5) f (5)
j>t+1 j>t

for allt <k and I;2{d2 = 0 for all j > K+ 1, and

N

S (1-db) £() ®I6]] - nszdl (9)

J

21Tn a benchmark strategy equilibrium, the acceptance probability after a piece of bad evidence is communicated
(off-equilibrium) is set to be small and hence silence, which incurs no cost, is better for the sender.
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In equation , the left hand side is the expected gain from screening out low type sender
by continuing at period ¢. From Theorem 1, after message history G*, the DM’s optimal action
is acceptance and thus acceptance is the status quo action. By continuing, with the probability

s di L (1= d5)f ()
S (L= d5)f ()

she can know that the sender is a low type and change her action to rejection (a high type
sender never give up persuasion). On the other hand, this incurs the cost of communication.

With probability
N < .
Zj2t+1 Hiﬁ(l - dj)f (])
S ey (1= d5)f ()

the sender is a high type to show next piece of good evidence with whom the DM has to pay the
communication cost of 7. On the other hand, with probability , the sender chooses silence
and the DM has to pay the communication cost of ng. Proposition 3 requires that those two
values with adequately weighted are equal with each other.

Note that implies that if the DM accepts for sure at period x, we must have

: (10)

’

— LS f (k= 1) (Blfls — 1] +ng) =0 ) [ (j), (11)

Jzk

because at period k, only type x — 1 sender drops persuasion by being silent and df_, = 1.
Therefore, if — (f (I)E[0|l] +ng) < nszml f (k) for all [ > j, we have no way to have an
equilibrium with the maximum length of persuasion longer than j+ 1. The condition (9) ensures
that after the first piece of good evidence is communicated, the DM’s optimal action is A. If this
condition is not satisfied, the DM does not accept the proposal, which contradicts Theorem 1.

We have a corollary of Theorem 1 that is used in the subsequent analysis. It determines the
value of the DM’s value function at the beginning of the game by a simple formula.

Corollary 3 In a benchmark strategy equilibrium, it holds

Vo () = max{0, E[f ,Z (1—d)f () (E[0)1] — Zdl ) ns} (12)

In the cases of Vpy (@) = 0 and Vpy (@) = E[f], the DM just rejects and accepts the
proposal without requiring a piece of evidence, respectively. When those are not the case, the
DM proceeds to period 1, and hence her value is determined by the weighted average of payoffs
between the case that the sender communicates a piece of good evidence, where her optimal
action is acceptance, and the case that he chooses silent, where her optimal action is rejection.

Here we comment on the general procedure to find out an equilibrium. The easiest way to
find an equilibrium is to determine the sender’s strategy backward. First, we determine the final
period at which the DM accepts the proposal for sure, say period k. Second, let

d; =0forall j > rand 7 < K,
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that is, the sender type higher than x keep communicating good pieces of evidence for sure. It
must be so in the equilibrium because for the sender type higher than x showing a piece of good
evidence has a strictly higher continuation value than choosing silent and getting rejected. Then
we can determine II;—y (1 —d’_,) by . The rest of the values of d should be chosen in a way
that as well as d; > 0 for all j is satisfied. If there is no such a way of choosing d, we have
no equilibrium with communication. Finally, we see if

N

> (1=d)f () (BO1] —n) - de )ns = {0, B[0]}

Jj=1

holds. If it does, we can support 5 (C, @) = 1 and hence we have a benchmark strategy equilib-
rium with the sender’s dropping vector d.

Remark 2 It can be shown that when & < 4, for a generic constellation of parameters, the first
and the third conditions of a benchmark strategy equilibrium implies that second.

Now we state the main result of this subsection. We denote by B(n,ng,d) the set of bench-
mark strategy equilibrium. Then we have the following theorem, which demonstrates that every
efficient equilibrium is a benchmark strategy equilibrium.

Theorem 3 For all (1,1g,0), P(n,1s,0) € B(n,1ng,0).

Theorem 1 in Section 3 demonstrates that even if there is an equilibrium that involves the
communication of a bad piece of evidence, the DM must accept it with probability §/V, before
she communicates the next evidence. This means that even from a piece of bad evidence, the DM
is actually positively updating the sender type. The message that the set of Pareto equilibria
involves no piece of bad evidence says that the way such an equilibrium screens the sender type
is not efficient for both players.

The fact that playing an equilibrium with a period of communicating a piece of bad evidence
does not benefit the sender can be easily seen. Because communicating a piece of bad evidence
only meets with acceptance probability of 6 /V, which is just enough to recover the communication
cost, playing another equilibrium that skips such a period does not harm the sender (and it is
possible to construct such an equilibrium). On the other hand, the fact that it does not benefit
the DM is not as straightforward as one may think. To see this, think of an equilibrium such
that a piece of bad evidence should be communicated. Then, the sender type N, who has only
good pieces of evidence, has to drop at some period. This equilibrium makes it possible to make
the right hand side of , the cost of communication, smaller at each period. Accordingly, this
reduces the dropping from the low type sender at each period (the left hand side of ) or
equivalently, increases the dropping at period one, which itself benefits the DM. The question is
whether this gain outweighs the loss of giving up the best type sender, f (N)E[#|N]; the answer
turns out to be negative (see the Appendix).

It is rather easy to see that silence should meet immediate rejection in an efficient equilibrium.
From Theorem 2, the sender cannot be accepted after silence, which means that having such
a period does not make him better off, while even silence is costly for the DM. Those imply
that given an equilibrium that has silence that does not meet immediate rejection, it is possible
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to construct another equilibrium that skips such a period, which Pareto dominates the original
equilibrium.

To see the reason that the probability of acceptance immediately after a piece of good evidence
should be exactly /V or 1 in an efficient equilibrium, suppose that communicating a piece of
good evidence, say for the third time has acceptance probability strictly higher than §/V, that
is, 8 (A, G) > 6/V. Then all the sender types who have more than three pieces of good evidence
will communicate them at least three times. However, in such a case, we can make another
equilibrium by making the DM accepts the proposal with probability one after communicating
three pieces of good evidence. This is an equilibrium, since the sender as well as DM’s strategy in
the original equilibrium remains to be an optimum. Now the sender is strictly better off because
he can persuade the DM sooner, without harming the DM. Hence the acceptance probability
immediately after a piece of good evidence is either maximized or minimized among all possible
ways of constructing an equilibrium.

4.3 The Best Equilibrium

In this subsection, we characterize the best equilibrium for the DM (we say just the best equilib-
rium hereafter), that is, the equilibrium such that Vpys (@), the value of the DM at the initial
period, is maximized. Because it is proved that the best equilibrium is unique for all parameter
values, it pins down the equilibrium on which we can do comparative statics (section 5). Also,
it gives the highest benchmark with which the DM’s equilibrium payoff is compared when we
examine commitment problem (section 6).

The result given in the previous subsection already demonstrated that the best equilib-
rium, which must be a Pareto optimal equilibrium, is one of benchmark strategy equilibrium.
Therefore, in this section, we focus our analysis exclusively on the set of benchmark strategy
equilibrium.

The first property of the best equilibrium for the DM is that it is actually unique.
Proposition 4 B(n,ng,0) has a unique mazimizer of Vpr (2) ]

An important characteristic of the best equilibrium for the DM is that it maximizes the length
of persuasion among the set of Pareto efficient equilibria. Intuitively, increasing the amount of
good evidence necessary for persuasion discourages bad senders from trying to persuade.

Theorem 4 If equilibrium e* is the best equilibrium for the DM, there is no equilibrium e such
that N¢ (e) > N¢ (€*).

Note that there are multiple equilibria even if we focus on the ones that maximize the length
of persuasion. Also, note that the theorem does not state that an equilibrium has a higher
expected payoff than another equilibrium if the former has longer length of persuasionf?| It
only says that if an equilibrium is the best equilibrium, it must have the maximum length of
persuasion.

22We regard two equilibria that are outcome equivalent identical.
23This statement holds in the special case of N = & = 2, where the best equilibrium is unique.
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To see this result in the simplest case, suppose that there are two equilibria, one with the
length of persuasion of 1 and the other with the length of persuasion of 2. In the former
equilibrium, both type 1 and 2 senders try to persuade, which implies that after checking a
single piece of good evidence, the value of the proposal is E[f|j > 1] for the DM. On the other
hand, in the latter equilibrium, type 1 sender does not try to persuade with probability one,
which implies that after checking one piece of evidence the value of the proposal is higher than
E[f]j > 1] Y| Hence the value of the decision maker at period zero is higher in the latter because
it screens out more bad sender (type one sender) by the first piece of evidence.

Hence the procedure of finding the best equilibrium involves 1. find the maximum length
of persuasion. 2. given the maximum length of persuasion, find the way that the sender gives
up persuasion over time in a way that the low type’s trial by showing an evidence at period
1 is suppressed the most. In other words, given the length of equilibrium, we have to connect

different periods by equation in a way that ‘Zﬁfl d]l f () E[0];]| is maximized.

We can get the basic idea of characterizing the best equilibrium by rewriting the condition

as

3 N
= DT (U= &) () (BIOL] +ms) =0 > TR = d5)f (7). (13)

As we saw in the previous subsection, we can construct an equilibrium backward. We first
determine the last period of persuasion, say k, and let d; =0 for all t < k and j > kK, i.e, the
sender type higher than x never drop persuasion. Then, we choose elements of d backward so
that equation is satisfied for all period. At each period ¢, given the value of the right hand

side, there are multiple ways to assign the probability of dropping, d;“Hg:l (1 — ds-) , among

different types to make the equality hold. An important observation is that because tﬁe absolute
value of E[f|j] is decreasing with j as long as j < &, if we decrease d;“HZ:l (1 — d2) abit for some
7, say by Ad;“ﬂizl (1 — dj) , we need to increase it for ¢ for more than Ad;“ﬂgzl (1 — dj) if
1 > 7. This re-allocation of the dropping probability leads to higher value of the right hand side

at period ¢ — 1, which leads lower dropping at period 1, i.e., lower ‘2571 djl-f (7) E[OU]‘ . This
observation implies that we should use more lower types to tie the consecutive period in the

equality ((13)).

Although it is possible to state the general algorithm to construct the best equilibrium that
is applicable to general cases, we can introduce an assumption that makes the characterization of
the best equilibrium easier. Towards this end, let ¢ be the highest j < & such that E[f]j] +ng <
0. Roughly speaking, ( is the sender type that the DM does not dare to pay the communication
cost to screen it out. Obviously, for any equilibrium e, Ng (e) < (.

Think of the function I' : {0,1,..,{} — R that is defined as
s
S f ()

The assumption we want to impose is the function I" being decreasing. The function I'(j) is
made by multiplying the loss from accepting type j sender’s proposal with the probability that

() (B{0]5] +ns)| -

24Under the condition that the latter equilibrium exists, in order to support the former the decision maker has
to expect that type 2 sender does not show the second piece of good evidence with probability one at period 2.
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the sender’s type being j relative to the probability that the sender type is strictly higher
than j. Roughly speaking, high I'(j) implies the DM has strong incentive to screen out type
J sender, after having already screened out lower types. A sufficient condition for I'(j) to
be decreasing is that |E[0]j]| decreases fast enough to compensate for the change in the term
fG)/ fozjﬂ f (k) , which is likely to be increasing. Of course, if f (j) /ngv:jﬂ f (k) is increas-

ing with j, the assumption is automatically satisfied.

To see that the assumption makes it easier to find the maximum length of persuasion, see
condition . Under the condition, the maximum length of persuasion is determined by the
largest x such that n < T'(k — 1). From the condition, we know that n < I' (/) for all [ < k and
this implies that we can find dropping vectors which can take only values less than one, in such
a way that is satisfied at each period. If the condition is not satisfied, the fact that j is the
largest number satisfying n < I' (k — 1) does not necessary imply that the maximum length of
persuasion is k. To see this, think of the case that the assumption of I' decreasing is not satisfied
and n < T'(k—1) but n > T'(k — 2). To be an equilibrium with maximum length of persuasion
of k, we must have holds in order to support period x — 1’s behavior of the DM (mixing
between accepting and continuing) and we also

= D0 AT (1 ) £ ) (BIOLS] ) = n{IES (1= ) (s = 1)+ D07 (),

in order to support the DM’s period x — 2’s behavior. Here, note that only type x — 2 or
k — 1 sender can drop at period k — 1. However, if n > T" (k — 2), it may not possible to choose
d in such a way that above equality is satisfied, which implies that the maximum length of
persuasion should be shorter than k — 2.

In sum, under the condition of I" (j) being decreasing, the maximum length of persuasion is
determined by j that satisfies
F'(G)>n>r{+1). (14)

is satisfied.

The assumption also makes it easier to find out the optimal dropping vector. As we discussed
above, in finding the best equilibrium, we should use more lower type sender’s dropping to tie
the consecutive period by the equality (13)). In the equilibrium characterized in the theorem, we
use only type j sender’s dropping to make period j’s equation . Apparently, type j is the
lowest possible type to drop at period ¢ in a benchmark strategy equilibrium. If ' is decreasing,
it is ensured that once we can make the equation at period j satisfied by letting only type
7 sender drops at period 7j, it is also possible to make the equations hold at previous periods in
the same way.

Think of the following procedure to find out a N dimensional vector ¢ = (cg, ¢1, o, .., Cn ).

- Step 1. Let ¢e = ce11 = .. = cy =1, and ¢p = 0. Find c._; that satisfies
ce1f(E—1
n=-S D w140,
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if we cannot find c¢_; in a way that ce_; <1, let ¢y = 1. Next, find c._, that satisfies

_ Gaf(6-2) Eiole —
n Zjvzglcjf(])( [ |€ 2]+775>'

If we cannot cc_5 in a way that cc_o < 1, let cc_o = 1 and rewrite cc_; = 1, and continue this
process until we get c¢;. If we get ¢; > 1 at some period, rewrite ¢; = ¢;41 = .. = ¢y and continue.
Let the greatest k£ such that ¢, < 1 be 7.

- Step 2. Check if V = Z;V:l cif () (E[f|j]—n) —Zé\;l(l —¢j)f (j)ng > E[f] and also V' > 0.
If both hold, it is done. If it is not let ¢; = c; = .. = ¢y = 0.

The above argument is summarized in the following theorem, which demonstrates that the
best equilibrium is found by the procedure when I' (j) is decreasing.

Theorem 5 Let (g, ¢y, ..,cn) be a vector derived from the above procedure. If function T (j) is
decreasing, there is a unique (in the class of outcome equivalent) DM’s utility mazimizing equi-
librium that is characterized as follows:

1. a(G,],9)=c¢j, a(S,5,2)=1—c¢,.

2. a(G,j,GHY=1ift<jandt>1.

3. If m'#G*, B(R,m') =1.

4. Ift <7, B(AGYY=06/V. Ift >~+1, B(A G =1.

In this equilibrium, each type of sender mixes at period one whether to communicate a good
piece of evidence or to give up persuasion by being silent. Once he chooses to communicate a
piece of good evidence, he does so until he runs out of it. At each period, say ¢, the DM can
screen out exactly type ¢t sender by continue. The way that type ¢ sender mixes at period one
makes the DM’s expected benefit from screening out type ¢ and cost of communication equal
with each other at period ¢ /]

5 Comparative Statics

In this section, we examine the effect of changes in the model’s cost parameters (n,ng,0) on
the equilibrium. In order to do this, hereafter we focus solely on the best equilibrium for the
decision maker, and hence from the analysis of section 6, we focus on the best benchmark strategy
equilibrium, where value functions are denoted with superscript “*”. We have the next theorem,
whose proof is easy and thus omitted:

Theorem 6 1. Fiz (ng,0). Suppose that the prior of the proposal is bad, i.e., B[] < 0. Then
E;[Vs (@, 7)] is a step function of n and there is a threshold value of n under which it is increasing,
and above which it is zero.

2. Fiz (ng,0). Suppose that the prior of the proposal is good, i.e., E[f] > 0. Then E,;[V3 (@, j)] is
a step function of n and there is a threshold value of n under which it is increasing, and above
which it s V.

25The equilibrium characterized in the theorem has a dropping vector such that d} =1-c¢j, d;? = ( for all
ke{2,..,j} and /" = 1.
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If the prior of the proposal is bad, the DM whose communication cost 7 is very high, does not
talk with the sender and just reject the proposal. For the sender, this is the worst case because he
has no chance of persuading her. The best DM for the sender is the DM whose communication
cost is low enough to communicate but not too low to be willing to communicate long time.
The DM may communicate as long as I' (j) defined in the previous section exceeds 7 and thus
the maximum length of persuasion is decreasing with 7. In this case of the prior of the proposal
is bad, the expected payoff of the sender is non-monotonic. Note that the relation between
E[Vs (@, )] and 7 is a step function whose values depends on the length of persuasion.

Figure 2 describes the relation when I' (j) is decreasing, in which the length of persuasion is
determined by . Because I' (j) is decreasing, as we gradually increase 7 from zero, the length
of persuasion decreases one by one, and thereby increases the expected payoff of the sender.

On the other hand, if the proposal is ex-ante good and the DM has a very high communication
cost, the DM does not require evidence from the sender and just rubber-stamps the proposal. For
the sender, this is the best possible case in which his expected payoff is maximized. Therefore,
in such a case of ex-ante good proposal, the expected payoff of the sender becomes monotonic,
which is again a step function.

The effect of change in 1 on the DM’s expected payoff is divided into direct and indirect
effect, as we have seen in the example of section 3. We have

Ng(e)—1
Vin (@) = Y al(G,2,5)f () EB] - n) Z f () (BE]1] —n)
j=1 j=Ng(e)
Ng(e)—1

s Z {1_Q<G7®7])}f(]>7

since the sender will communicate a piece of good evidence or being silent at period 1. Hence

we have 22u(@)
on
Ng(e*)—1 N Ne(e*)-1
. . . O G’ , ,
=Y a@entG- Y 10) 2282 1 5) Bt — 0+ )
e =Na(e) T =1 I
Direct effect (-) Tndirect offect (—)

We can see that the direct effect is negative, and are able to show that indirect effect is also
negative (see Appendix). Interpretation of the direct effect is straightforward: it just reduces
the cost of communication at period one. The indirect effect comes from the later periods. The
reduction in 7 makes it possible to make the DM indifferent between acceptance and continue at
each period with a small benefit from screening and hence with a high dropping of bad senders
at period 1.

Another important implication is that, assuming that the best equilibrium always holds, the
probability that the decision maker makes an wrong decision, either choosing A when the sender
type is less than & (type II error) or choosing R when the sender type is bigger than & (type I
error), monotonically converges to zero as 1 converges to zero. Thus by denoting the probability
by F (n,1g), the next theorem follows, where its proof is omitted:
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Figure 2: theBender’s@xpectedipayoff
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Theorem 7 Fix 6. Then,

lim sup F (1,n5) — 0.
o ng<n

To see the theorem, first note that the probability that the decision maker makes the wrong

P . . Nea(e*)—1 . .
decision of accepting the bad proposal, type II error, is smaller than j:Gl( o (G,2,7) ().
It is easily seen by that the absolute value of it is decreasing. On the other hand, in the best
equilibrium, type I error never happens when E[f] > 0. Even when E[f] < 0, type I error never

happens as long as the DM chooses C' at period 0, which is the case when 7 is sufficiently small.

We next consider comparative statics with respect to the sender’s communication costs. It
is easy to see from the construction of equilibrium that the DM’s expected payoff is invariant
with the sender’ cost of communication. On the other hand, the sender’s expected payoff can
be naturally shown to be decreasing with his cost of communication.

Theorem 8 Fiz (n,ng). Then V5, (D) is constant with respect to 6 and B[V (2, 7)] is strictly
decreasing with 9.

The reason for E[VS (@, j)] being strictly decreasing with ¢ is easy to see. From Claim 3, the
low type sender’s expected payoff is 0, irrespective of his communication cost §, which comes
from the fact that acceptance probability will adjust in an equilibrium. However, the acceptance
probability at period Ng (e*), which is 1, cannot adjust with the change in §, which implies that
an increase in § decreases the high type sender’s expected payoff. These also tell that a decrease
in 0 lengthens the expected time before acceptance.

6 Commitment

In this section, we examine whether the DM can be better off by making a commitment if she
can write down a contingent plan to follow. If we think of the DM as an organization which is
frequently making decisions based on the advice of concerned parties, this question is particularly
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important for designing the rule used to handle this advice. We consider two different forms of
commitment.

Optimal Stochastic Commitment

The answer to the problem, however, is easy if the DM is allowed to make commitment in
a very sophisticated way. In fact, it is easy to see that the following method of commitment, if
possible, makes the DM better off for sure: the DM accepts the offer with probability §/V (or
actually, slightly lower than) each time a piece of good evidence is shown, until enough good
evidence is shown at which point she accepts the offer for sure. It follows that if the sender does
not have enough good pieces of evidence to show, he remains silent from the beginning. Once
the DM knows that, she has an incentive to accept as soon as possible. The probability 6/V
is the largest probability of acceptance that can make the screening of sender types possible.
Actually, it can be shown that this is the optimal commitment that the DM can make.

Theorem 9 The optimal commitment takes the following form: the DM accepts the proposal
with probability 0/V each time the sender communicates a piece of good evidence until Kk pieces
of good evidence are communicated, where k is the number characterized by

kK = argmaXZf E[6]/]

7>k

k 5 n—1 5 5 K—1
“SraXm(i-g) pem(i-g) 1-wX s
Jjzk n>1 v 4 4 j<k

An important point is that the stochastic commitment is actually a Pareto improvement
from the best equilibrium. This follows because in the best equilibrium, the low type sender’s
expected payoff is zero, and it can be shown that the length of communication is shorter in the
commitment case than in the best equilibrium, which makes the sender better-off. This tells us
that persuasion game involves an inevitable waste of time or energy, which can be mitigated by
the commitment.

Optimal Limited (Non-Stochastic) Commitment

Although stochastic commitment attains a desirable outcome compared to the best equilib-
rium, making stochastic commitment may be difficult because the agent cannot verify the DM’s
behavior and the DM cannot prove that she is actually following the committed plan. In order
to consider such a case, in particular, we think of the following form of commitment that is
easier to make: she decides to listen to the sender for predetermined length of time, say 7, as
long as good pieces of evidence are shown. If she is shown 7 pieces of good evidence in a row,
she accepts the offer, while she rejects the offer as soon as she is shown other evidence or silence.
If the DM makes such a commitment, it is optimal for the sender types lower than 7 to remain
silent at period 1 and get rejected, because they know that they cannot persuade the DM. We
call this type of commitment "limited commitment" hereafter.

The optimization problem the DM has to solve when she makes the limited commitment is
as follows:

m]?XTDM(k:) = maX{Zf E[0|j] — xn) USZJC(J)}

>k i<k
subject to k6 > V.
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With probability > i (7), the sender is high type and the DM has to pay the communication
cost of kn. Otherwise, the sender is low type in which case she will pay just a period cost of
silence. We have a participation constraint for the sender, k¢ > V. Unless this condition is
satisfied, the sender does not try to persuade the DM by paying the communication cost.

We have the following result, which shows that the DM is better off by making a limited
commitment if the sender’s persuasion gain V is high enough relative to his communication
cost.

Theorem 10 Suppose that V' > §N¢ (e*) [*®| where N (€*) is the length of persuasion of the best
equilibrium. If B (C, @) = 1 in the best equilibrium, the DM prefers to make limited commitment,
1.€., Maxy TDM (k) > VBM (@) .

This result follows from the same reason as we discussed in Section 4. In the best equilibrium,
an optimal strategy of the decision maker, given the sender’s strategy, is to require further pieces
of evidence until enough good evidence is communicated, and otherwise reject. This prevents
bad senders from communicating good evidence and then giving up, which causes the DM to
incur communication costs.

Contrary to the stochastic commitment, the limited commitment is not a Pareto improvement
from the best equilibrium. This follows because in the best equilibrium, the high type sender
has a chance of succeeding at persuasion quickly, while he has to communicate for a certain
amount of time in a limited commitment case. Because the low type sender’s expected payoft is
zero both in the best equilibrium and with limited commitment, it can happen that the sender
is worse-off in a limited commitment case than in the best equilibrium 7]

The above result, however, can only be guaranteed if V> 0 Ng (e*) , i.e., the sender is willing
to pay the persuasion cost in order to induce his preferred action from the DM even if it takes
Ng (e*) periods to communicate for sure. Once this condition is violated, it is possible to have
a situation where the DM prefers to play the persuasion game instead of making a limited
commitment. An example is shown in the following claim.

Claim 4 Suppose that the parameter values of the model are as follows: N = £ = 2. 20 >
V, El§l; > 1] > 0, and the DM’s communication cost 1 is small to the extent that (3) is
satisfied. Then, the DM prefers to play the best equilibrium than the limited commitment, i.e.,
VD*M (@) > maxy TDM (k?) .

The proof is easy. Actually, in the setting above, the best limited commitment is to require
only one good piece of evidence. If she requires two pieces, no sender type tries to persuade her.
Hence she can only require at most one piece of good evidence in the limited commitment, which
gives her the same expected payoff as playing the game with the equilibrium of N¢ (e) = 1. Then
the claim follows from Theorem 4, which states that the equilibrium that attains the highest
expected payoff for the DM has the longest length of persuasion.

26Note that Ng (e*) is an endogenous variable. Another sufficient condition that uses only exogenous variable
is V' > 0¢, which is stronger because £ > Ng (e*) .
27Tt can be shown that the length of persuasion is shorter in the commitment case than in the best equilibrium.
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More generally, in the best equilibrium, we may have §Ng (e*) > V, which means that the
sender communicates for too much length and pays more persuasion cost than what he can get
(V) if the decision maker postpones the decision the most. This makes the DM possible to
extract more information from the sender, relative to the case of limited commitment where the
sender is perfectly knowledgeable about the outcome of the persuasion and hence never pay the
communication cost excessively.

7 Conclusion

In this study, we created a model that describes the dynamic process of persuasion. We show that
the equilibrium necessary involves probabilistic behavior from both parties, and we characterized
the set of Pareto efficient equilibria and the best equilibrium for the decision maker.

Although we provided entrepreneur-venture capitalist relation as a primary example, there
are a lot of real world examples that fit out model. Glazer and Rubinstein (2004) provide a
number of nice examples of persuasion through hard evidence| Those include, for example,
the case in which a worker wishes to be hired by an employer for a certain position. The worker
tells the employer about his previous experience and the employer wishes to hire the worker if
his ability is above a certain level.

It may be interesting to extend the model in a way that parameters 1 and d, which represent
players’ costs of communication, have nondegenerate distributions and also are private informa-
tion. Then, we will obtain more complicated strategic interactions because the fact that game
did not terminate until a particular period conveys some information about the players’ types.
This gives our game an additional flavor of Fudenberg and Tirole’s (1986) war of attrition model.

Obviously, this is just a first step for a deeper understanding of the process of persuasion.
There are a lot of questions that cannot be addressed by this study. These include interesting
questions such as 1. In which order should pieces of evidence be released when each piece of
evidence has a different value? 2. If the sender is allowed to show multiple pieces of evidence at a
time, how does this change the nature of persuasion? 3. Can we render a reasonable explanation
for why sometime a persuader reveals unfavorable information? Those questions are left up to
future research.

8 APPENDIX

In the following, we use the following notations.

T : The set of terminal message history that can be reached with strictly positive probability,
that is, T'= {m' € A |B(C,m') = 0}.

P (m') : The set of types of sender that follows message history m' with strictly positive
probability, that is, if j € P (m!) then IT\_,« (mg, m*~t, j) > 0.

>: Incomplete order on M defined as m® > m' if and only if m* = (m', m{ ;) for some
m$,; such that s > ¢+ 1, i.e., m® is a continuation from m’.

28They work on a setting that the DM is restricted to check only one piece of evidence. In this sense, they
think of the case that players face a very tight constraint in communication relative to our model.
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a(m”,j) : The probability that type j sender follows communication history m”, that is,
o (mTaj) = H;—:la (m57 m8717j) :

Q (m[_l, j) : The probability that type j sender follows message history m;_; from period
t — 1, that is, oo (m]_y,j) = IIT_,a (my, m*™1, j) .

8.1 Proof for Section 2

Proof for Lemma 1 and 2: We first prove the uniqueness of Vpy,. Let (p, B) be given. Suppose
that we have two value functions Vpys and V), that satisfy conditions (1) and (2). Let

W = {m!|Vpar (m*) # Vi (mh)},

which is the set of message history such that two value functions take different values. To get a
contradiction, suppose that W # &. Then there must be some m”™ € W such that

Vo (m™) > max E[Upy(a,j,m”)|m] (15)
ac{A,R}
d V/ T — E U . T T
and Vi () = maoe BiUpas(a g, m ")),
or
V = E|U, ,m” g 16
DM (m ) aél{lzi}lc%} [ DM(CL,],TTL )|m ] ( )

and Vj,, (m™) > aé?g}é}E[UDM(a’j’ m7)|m7],

where we denote S-N_ B, (m") Upar(a, j,m*) by B[Upa(a, j, m*)|m].

To see this, note that if neither holds, Vpa (m™) > maxeeqary B[Upnm(a,j,m™)|m™] and
Viar (m7) > maxaepary E[Upn(a, j,m™)|m™] for all m™ € W. Those, respectively, imply that

Vour (m”) = B[V (m”,me)[m”)] = > @ (me|m”) Vour (me,m7)

mi4+1

and Vpy, (m”) = E[V]y (m", meiq)im’)] = Z @ (Mryr|m7) Vi pg (Mg, m7) .

mi41

Since m”™ € W, we let Vpyr (m™) > V), (m7), without loss of generality. Then above relations
imply that there is some m,,; such that

VDM (mTa mT+1) > VbM (mTv mT+1) > aé?g)](g}E[UDM(a’j7 (mT7 mT+1)|mT7 mT+1]'

By continuing the same argument, we have a sequence {m,}3, such that
Voar (m®) < Vpar (m®,mgyq) for all s > 7.

From (2), we have to have lim, .o V), (m*,mey1) = lims oo —n{Ng (m*) + Np (m®)} =
—o00, but this contradicts Vpas (m”) > maxaega,ry B[Upm(a, j,m™)|m™].

Without loss of generality, let holds. For every history m! that can be reached from
m” with strictly positive probability, we can find the smallest s < ¢ such that Vpy (m®) =
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max,c(a,ry B[Upn(a, j, m*)|m?]. To see this, note that if it is not, we have a sequence {m,}22such
that Vpy (m®) < Vpyr (m®,mgyq) for all s > 7 and thus Vpy (m®) < limg o Vpus (ms) =
—o0, which contradicts Vpy (m”) > max,eqa,ry E[Upa(a, j,m™)|m7]. Let the set of such his-
tory A, and probability measure on A generated by ¢ be w. Then we have Vpy (m”) =
[ Voar (s) dw (s). For each s € A, we must have V},,, (m*) > max,ega,r E[Upwm(a, j, m*)|m*] =
Vo (m?), and hence we have [V}, (s)dw (s) > [ Vpa (s)dw (s). However, it must hold that
Vi (m™) > [V (s)dw (s) from the deﬁmtlon of the Value function, we have V},,, (m™) >
Vpar (m™), which is a contradiction. This shows the uniqueness of the value function Vp,,.

Next, we prove the uniqueness of Vs. To get a contradiction, suppose that we have two
different value functions, and let Vg (m!, j) > V& (m!, j) for some j and m'. Make the sequence

{ms}git by

Then we have

lim 123 (C,m") Vg (m"") = lim 1132, 8 (C,m") V§ (m"*, )
> Vs (m',j) —Vi(m',j) > 0.
, which contradicts (2).

Next, we will prove the existence of Vpy,. To shorten the notation, denote by g (m') the
highest value of expected utility of the DM when she decides whether to accept or reject, i.e.,
g (m') = max,ea,qy B[U(a, j, m")|m']. Take a particular m' and fix it. Make the sequence of real
numbers Vg (mf), V1 (m'), ... as follows. Let

Vo (m') =g (m"), Vi (") = max{g (m'), 3 _ ¢ (m™|m') g (™),

mt+1
and V5 (m') =
maX{g Z max{¢ t+1’mt) g (mt+1) : Z {o (mt+2|mt+1) g (mt+2)}7
me4+1 Miyo

and so on. That is, Vj (m') is constructed by V,_; (m') by replacing terms

) (mt+k*1’mt+k72) g (mt+k71)
with
max{gp (mt+k—1|mt+k—2) I 1 Z {(p k+t|mk+t—1) g (mk+t)}'

Mitk—1

Obviously, the sequence V,, (m') is an increasing sequence with each satisfies V,, (m*) < 1 —
n{Ng (m')+Ng (m')}. Hence it converges to some value V., (m') < 1—n{Ng (m')+Ng (m')}. Let
this value be Vpys (m'), and do this for all elements in H. It is a routine work to verify that
those satisfy the condition for being the value function.
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To prove the existence of Vg (m', j), pick a pair (m!, j) and fix it. Again, define the sequence
Vo (mt, 7)), Vi(m' j),.. as follows:

Vo (m',j) = B (Am") {V = Cs (m')} = 5 (Q,m") Cs (m") = 5 (C,m") Cs (m)

Vi(m',j) = p(Am') (V=Cs(m')) =B (Rm')Cs (m)
—f (C’, mt) [a max {B ( , (m ,a)) —Cyg (mt,a))
=B (R, (m' ))Cs (m a) = B(C,m") Cs (m', a)}],
and so on. That is, Vi1 (m', j) is constructed by Vj, (m') by replacing terms 3 (C, m'™*) C' (m'**, a)
with

max [ (A, (mt+k, a)) (V—-Cs (mt+k, a)) - (A, (mt+k, a)) (V—-Cs (mt+k, a))}

aeM(mtJrk,j)

—p (C’, (mt+k, a)) Cs (mt+k, a)}.

Then obviously, the sequence V,, (m', j) is an increasing sequence with each satisfies
_CS (mt) < Vn (mtvj) < V- CS (mt) < V.

Hence it converges to some value V., (m'). Let this value be Vg (m', j), and do this for all

elements in M. It is a routine work to verify that those satisfy the condition for being the value
function. Q.E.D.

Proof of Claim 2: Take an arbitrary PBE and let it (&,B,@, B\) . We will construct a
sequence of totally mixed strategy (o, 8%, ©*, B*), with A € N, (and A > 2) that converges to
(a, E, o, §> as A — o0o. More precisely, we show that there is a sequence (o/\, B’\, 0, B)‘) such
that for each m! € M and j, it converges to <@ (mt, ), B (m?) , @ (m?) ,é(mﬂ) € R*N in

a way such that 8 (m!) > 0 as a vector in R®, o*(S,mt,j) > 0, o*(G,m',j) > 0 if j >
Ng (m'), a* (B,m!,j) > 0 if N —j > Np(m!), and ¢* (m!) and B* (m!) are induced by Bayes
rule.

In order to do this, we first specify the sequence of sender’s first period strategy as follows.
We will choose, for each m; € M, sufficiently large number ¥ (m;), and a function & (-, -, @) :
M x N — [0,1]. Let the following conditions are satisfied: first, if j & M (mq,j), € (my, D, j) =

0. Next think of m; such that Z (my1,2,j) = 0 (hence m, is an off-equilibrium message). If

Ng (mq) < &, let it satisfies the followmgs for j such that m; € M (@, j) and j < £, we have

fGerm,e,5) 1 <)\—1>
Zf )eX (my, @, n) - {nlmy € M (my,n) andn <&\ A )’

and for j such that my € M (&,7) and j > &,

f () e (my, @, ) B . .
Y f(n)er(mi,@,n) [{nlmy € M (m1,n) and n > €} A

mi1EM(mi,n)
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If Ng (mq) > € (and thus £ = 1 and m; = G), let it satisfies

et (my,@,7) =1 for j > 1 and &* (my, @, z) = 0 for j < 0.

N

On the other hand, for each m; such that Z a(my,,7) > 0 (hence m; is an on-equilibrium
=0

message), let it satisfies

et (my, @, ) = if a (mq,@,5) =0, e*(my,@,j) = 0if a(my,,j) > 0.

L (ml) A
Finally, ¢* takes only sufficiently small numbers. More precisely, let it satisfies

A .
%) < (%) .
Z c (mh 7 x) aEM(.T,@)l,,IlO{%}nh@,Z‘)>O « (ml’ ’ -T)
mi1EM (z,9)
By using * (my, 9, ), we will construct the sender’s first period’s strategy o’ (my, @, ) as
follows. For m; such that o (mq, ,j) = 0, let a* (my, @, j) = &* (my, 2, j) (hence a (my, @, j) =
0if my ¢ M (j,9)) and for m; such that o (mq,d,j) > 0, let

1
’{m1’@<m1,@,j) > 0}|

CY/\ (mb@?j) = a(m1’®7j>

Z et (my, 3, 7). (17)

mi1EM

Note that Z ot (my,@,7) = 1, and it constitutes the totally mixed first period strategy
mi1EM(5,9)
for the sender.

In order to construct a sequence of the first period’s strategy for the DM, let s (m') = |{a €
{A,R,C} |B (a,m") > 0}|, which is the number of actions that DM takes with strictly positive
probability after message history m' (and hence less than three). Then for m; € A, let it be

B () = Blamy) = o i am) > 0
and 8 (a,my) = %(m;m if B (a, my) = 0.
And for my ¢ A, let it be
P Qum) = 2 and B (A, m) = B (Comi) = 5 i No (m) <€,
and  (A,m) = 2% and £ (Quma) = B (Coma) = o if N (') > &

f (]) Oé)\ (m17®7j)
Zi\fzo f (n) ar (mb ij)
The idea is to make DM’s strategy put strictly high probability of rejection (acceptance) after

every off-equilibrium messages with low (high) number of good evidence in the original equilib-
rium.

J

and @A (m1|®) = Zf(]) O/\ (mlagaj) :
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Next we define the totally mixed strategy for period 2. Fix m; € H;. For each my, choose
sufficiently large number W (my, my) , and function €* (-,-,m) : M x N — [0, 1]. Let the following
conditions are satisfied: First, if j ¢ M (mq,j), €*(mq,j,@) = 0. Next think of the case in

which Z (my,n, @) = 0. If Ng(mq,mq) < &, let it satisfies the followings: for j such that

me € M(ml, ) and j < &, we have

B} (my) e* (ma, mq, j) - 1 A—1
S 52 () (g, ) nlms € M (G, z) ) sz (50) 09

and if j > € and my € M (mq, j), let it satisfies

B} (ma) € (ma, ma, j) _ 1 1
Z B} (mq) e (mg,my, j) [{nlmy € M ((m1,mz),n) and n = EH A

m1EM(mq,n)

(19)

N
On the other hand, for each my such that Z a(mg,my,j) > 0,
§=0
et (ma,my, j) = ; if a (mg, my,j) =0, et (m2,mq, j) = 0 if a (ma, ma, j) > 0,
\P(ml,mg))\
and moreover,
Z €>\ (m27m1aj) < min a(mQambj)’

aeM(j,(m1,m2)), a(ma,jmi)>0
a€M(j,(m1,m2)) (lma,m2)), et )

By using * (my, m1, j), construct o (my, my, j) as follows. For my such that a (mg,my,j) =
0, let a* (Mo, my,j) = €* (ma, my, j) and for my such that a (my, my, j) > 0, let

1
A N N A N 20
«Q (m2)m17.7) Oé(m%ml?j) Hm1|04(m2,m1,j) >0}| Xj:g (m27m17]) ( )

Note that ZaA (mg,mq,j) = 1, and it constitutes the totally mixed first period strategy for

a
the sender. Let

B/\ A ’ ) . B
B])\ (ml,mg) = 7 (ml)a (m2 mq j) and (p(mglm1> Zn -0 ( ) (mg,ml,])

Sooo B (ma) o (ma, my, ) S Ba (ma) a (ma,ma, j)

For the second period’s strategy for the DM, for m? = (my, my) € A, let it be

B (a, m2) = B(a,m2) — m if /B (a,m2) > 0,
and (a, m2) = _ if /B (a,m2) = 0.

2 (m2) A
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And for my ¢ A, let it be

P Q) = Zhand 9 (Am?) = 5 (C.m?) = o i No (m?) < €
and 8 (4,m?) = 2/\2; ! and 8 (Q,m?) = p* (C,m?) = % if N (m®) > ¢.

Strategies after period 3 are constructed inductively, and we eventually get (o/\, B’\,B’\,wk) .
Using the almost the same procedure, we can construct (a’\+1, pAE B, <p>‘+1) . In doing this, re-
place A with A\+1, but use the same W (m) for all m € M. Moreover, choose e**! (m, j, h) in such
an way that max e*™! (my, j, h) < 3&* (my, j, h), from which we can get limy_,o e*™ (my, j,m) =
0 for all j, a, and m € M. It is possible since the left hand side in and are homogeneous
of degree 0 with respect to &* (a, j, h) . Let

(a8, B) := lim (2}, 8%, ", BY).

It is easy to see that (&,E,fo, E) = (o, B,,B) on every h € A, and A = A’. To see that
(a, B, o, §> is an equilibrium, note that for any m' ¢ A, Vo (m') < Vpu (m?) and hence for

all m! such that m* € A and g(C’, m') =0, B(C, m') = 0 is also an optimal. This shows the
optimality of DM. It is easy to see the optimality of the sender’s strategy. Q.E.D.

Proof of Proposition 1: Suppose that m™ = (m”~1,S) € =. Then because being silent in-
curs no cost but can persuade the DM, it must hold that o(S,m™ !, j) = 1 for all j, which implies
that ¢ (S|m™ ') = 1, and Vpy (m™1) > B[Vpay (m™, m,) [m™]. This implies 3 (A, m™ ') =
1, which contradicts (m™1,S) € 2. That m™ = (m™ !, B) € Z is impossible follows from Theo-
rem 1 in the next section.

8.2 Proof for Section 4

Proof of Theorem 1: To prove the theorem, suppose that we have an equilibrium in which
B (A, (mt,G)) = 0 for some (m', G) € A. Obviously, it must hold 3 (C, (m?, G)) > 0. Think about
period t + 2, after message history (m’, G). Then there must be some message mj,, such that
B (A, (m',G,m},,)) =0 and (m',G,mj,,) € A, since otherwise, we have Vpy (m!, G, myys) =
Zj’vzo B; (m') Upnm(A, j,m") for all (m!, G, m2) € A, which implies

N

Vour (m',G) =Y " B; (m!,G) Upu(A, j, (m', G))

J=0

N
> Z ¥ (mt+2’ (mt, G)) ZBj (mt7 G, mt+2) UDM<A7j: (mta G, mt+2))

myy2€M =0

= Z ¢ (mea| (', G)) Vour (m', G, mya)

mi42€EM

<.

which contradicts 3 (A4, (m',G)) = 0. On the other hand, we must have 3 (R,m',G,m} ,) <
1, since if it is the case senders from P (A, (m!, G,m, +2)) should have chosen S at period t+1 after
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m!, which contradicts with (m!, G, m],,) € A. This implies that 3 (C, (m',G,m},)) > 0, and
hence

Voum (mt, G, m;+2) = Z 2 (mt+3|mtu G, m2+2) Vb (mt7 G, m;+27mt+3) .

mi4+3EM

Those imply that at period ¢ + 2, after all the on-equilibrium message, either A is an optimal or
C' is an optimal, where in the latter case, the probability of acceptance is zero. Take such mes-
sage and let it ms, o, and denote (m’, G, myy2) by m'*2. At period t + 3 after m**2, there is no
(m'™2,m}_3) € A such that 8 (R, m!, (m'?,m],;)) =1 and (m'™2, mj, ;) € A, since otherwise,
senders from P (m'*?,m], ) should have chosen S at period t + 1 after m', which contradicts
(m'*2,mj,4) € A.It in turn, implies that 3 (A, m’, (m"™2,m},3)) > 0or 8 (C,m’, (m"2,m;,,)) >
0. In sum we have

N
Vbum (mt+27 m;+3) = Z B, (mt”? m;+3) Upm(4,j, (mt+27 m;+3))
§=0
or
Vboumr (mt+2’ m§t+3) = Z 2 (mt+4|mt+2, m2+3) VDM(mt+2, m2+3,mt+4).
mypaEM

Repeat the same reasoning, we could see that every on-equilibrium history m” that is a
continuation from (m!, G), we must have

Vom (m max{ZB Y Upm (A, j,mb), Z © (Mrs1|m™) Vppr(m™,mpgn) b

mr41€EM

Then, it is easy to see that

Vowm (mt; G) > Z % (mt+2|mt7G) Vou(m', G,myq),

mi42 eM

which contradicts with 3 (C, (m!, G)) > 0. We can apply the same proof to show that (m!, B) €
A implies g (A, (m', B)) > 0.

To see that (m!,G) € A implies 3 (A, (m',G)) > 6/V, suppose that there is some (m!, G) €
A such that 5 (A, (m', G)) < §/V.If B(C, (m?,G)) = 0, then the sender should S after m’ rather
than G, which contradicts to (m’, G) € A. Hence we have 5 (C, (m!, G)) > 0. Using the same type
of argument above, we can see that there must be some type of sender in P (m!, G) such that he
is never accepted after period t+2 (he sends S after (m!, G)). For such type of sender, it is strictly
better to send S after m’, which gives him at least —0{Ng (m') + N (m!)}, rather than sending
G, which gives him only 3 (4, (m!, G))-V —36{Ng (m')+ Np (m")} =6 < —6{Ng (m')+Np (m")}.

Next, we see that (m', B) € A implies 3 (A, (m', B)) = §/V. We can apply the same proof
above to show that (m!, B) € A implies (A, (m', B)) > §/V. Hence suppose that (m!, B) €
A and S (A4, (m!, B)) > ¢/V. Those and m' € A imply that (m',S) € A and 5 (A, (m!,S)) =
0, and thus there must be some type of sender in P (m!, S) that follows a message history such
that he is never accepted after period ¢t + 1. However rather than that, he can send B after
m! and get the strictly higher expected payoff of

B (A, (m",B)) -V —§{Ng (m") + Ng (m")} — 6 > —=6{Ng (m") + Np (m")},
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unless he has no more bad evidence. If he has no more pieces of bad evidence, then it contradicts
the optimality of the DM’s behavior of not accepting him. Thus, we must have 3 (4, (m!, B)) <
3/V. Q.E.D.

Proof of Theorem 2: To get a contradiction, suppose that there is some (m!, S) € A such
that (A, (m',m)) > 0. If (m",G) € A (or (m', B) € A), from Theorem 1 it must hold that
B (A, (mt,m)) >0 (or 8 (A, (m',m)) > 0). In such case, choosing A at period t + 2 becomes an
optimal after all on-equilibrium message at ¢ + 2, and hence contradicts 3 (C,m') > 0. Thus we
must have (m', G) ¢ A and (m!, B) ¢ A. However if it is the case, ¢ (S|m') = 1 and the decision
maker does not expect belief updating at period t + 2, which implies §(C,(m*,m)) = 1 and
hence § (4, (m',m)) =0. Q.E.D.

8.3 Proof for Section 5

Proof of Proposition 4: Only if direction: Suppose that we have benchmark strategy equi-
librium e with the sender’s strategy «, and let k = Ng (e). Obviously, 8 (A, G*) = 1 and
B (A,G" =n/V for t < k. Because for t < k, A as well as C' are optimal for the DM, from D1,
it must hold that

ZB DV Upm(A,5,GY) = > @(mlm")Vpa (my, m) (21)

meM

= o(GIG"YWpa (G™) + @(SIG") Vo (G, m) .

In the benchmark strategy equilibrium, for all (m,S) € A, Vpuy (Gf,m) = —Cppy (mf,m) =
—nt — ng, because 3 (R, (G*,m)) = 1. Moreover, we have

Ir_, (1 —d: ]
B, (G") = S—lT( ) “’:(‘7) ' (22)
ijr g, (1 - dj) f (J)
Pjery (L= df ) T, (1= d5) £ ()
Then by substituting those into (21I)), we can see that (§) must hold. Since the optimal action
for the DM after m! = G is A, (9) must hold as well.

and o(G|G7) (23)

If direction: let 8 (A,G*™) = 1 and B(A,G*) = n/V for t < Kk, a(B,m!,j) = 0 for all
m! € H and B and ¢ satisfy , as well as

By (m') = 1 for all m' such that m’ # G**' and Ng (m') > ¢, (24)
B (mt) (mt) = 1 for all m! such that m! # G**' and Ng (mt) <&,
o(S|m") = 1 for all m" such that m' # G* for some t < k,

where corresponds to off-equilibrium beliefs. It is easily seen that D3 is satisfied.

Let the value function for the sender as follows. For sender type j < k + 1,

Vs (m',j) = (t—1)dgform!=G" t <r+1.
Vs (mt,j) = —0{Ng (mt) + Np (mt)} otherwise.
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and for sender type j > k + 1,

Vs (m',j) = V —§{Ng(m')+ Ng(m")} for m’ such that Ng (m") > ¢,
Vs (G"Hj) = V=4d(k+1),

VS (Gt>J)

-y () (1—§)j<v—5<t+m+ (1—§)Hﬂ<v—6<m+1>> for t < s 41,

=0

and
Vs (m', j) = =6{Ng (m') + Np (m")} otherwise.

It is straightforward to verify that Vg satisfies condition for being a value function, given .
Take a sender with j < k number of pieces of good evidence. From above, it follows that
Vs ((m',G),j)=0—6t=—6(t—1)=Vs((m*,9),j).

Then he is indifferent between sending G' and any S after m! = G*, with ¢ < j, which shows
that a (-, -, j) satisfies D2 for j < k. For sender with j > xk number of good aspects, on the other
hand, we have

Ve ((GLG) . j) > Vs (G S) .5) = 6t > Vi (G, B) ) = —6t — 6.
for all t < k, which shows that « (-, -, j) satisfies D2 for j > k.

For the DM, let the value function be
Vour (m') = > B; (G") E[f]j] — nt for all G,
=0
Vo (mt) = 7{Ng (mt) + Np (mt)} for all m" such that m' # G' and Ng (mt) <&,

and

Vo (mt) = E[0|N] —n{N¢ (mt) + Np (mt)}
for all (mt, m) such that m' # G" and Ng (mt) > €.

It is straightforward to show that Vp), is a value function.

Think about the decision at the first period. The expected payoftf from not continuing is
max{ F[f],0}. On the other hand, the expected payoff from entering period 1 and make decision
at period 1 is given by (9)). Hence from D1, 3 (C, @) = 1 is an optimal. Think about the decision
after m! = G* and t < k. From the description of sender’s strategy, the DM never receives B by
choosing C' and thus we can calculate

VDM (Gt) = E[UDM(A,j,t)|Gt] — t?] = Z <p(m|Gt)VDM (Gt, m) s

me{G,B,S}
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and hence 3 (A, G') satisfies D1. It is easy to see that D1 is satisfied for the other cases as well,
because in such cases we have Vpar (m') > 37 i 5 oy 9(m|G")Vpar (G',m) and

15} (R,mt) = 1if Ng (mt) < & and f3 (A,mt) = 1if Ng (mt) > £.
Q.E.D.

In order to prove Theorem 3, we first prove several lemmata. In the following, we fix an
equilibrium (o, 5, ¢, B).

Lemma 3 If (m',G) € A and B (A, (m',G)) < 1, there must be some j € P ((m',G)) such that
maXmEM((mt,G),j) VS’ ((mt7 G7 m) 7]) = _5{NG (mt7 G) + NB (mta G)}

Proof. It is seen from the proof of proposition 1. m

Lemma 4 For alln® € 2 and k™ € =, it holds that Ng (n®) = Ng (k7).

Proof. Take n™ = (ni,..,ns) € Z and k' = (ki,..,k;) € Z and suppose that Ng(n®) >
Ng (k7). Let n' be a longest sub-history of n™ and k™ such that n' = k'. Note that this
can be @ if n; # k. We can show that Ng (n®) — 1 € P (n*!). To see this, note that from
N¢ (n®) > Ng (k7), there must be some n® < n® such that Ng(n®) = Ng(n®) — 1, which
means that the DM knows that the sender has at least Ng(n®) — 1 number of good evidence
after history n*’. Since 3 (C,n*1) > 0, the DM has to expect some type from P (n*~') chooses
S, which can be only type Ng(n®) — 1 sender. This implies that Vg ((nf, ny11), Ng(n®) — 1) >
Vs ((n', ki11), Ng(n®) — 1) . However, since the type Ng(n®) — 1 sender can follow the path
k* instead and 3 (A, k*) = 1, this implies that

T—1 T—1

N (1 - 8(AnN) T B (AnY) Us (An"Y) > 3 (1- 8 (A )18 (A K) Us (A, )

=t =t

, where each term is the expected payoff for the sender summed up before period 7 — 1. In other
words, the path n® has higher probability of acceptance than k° does in the early period of the
path. However, this implies that Vg ((n',n41), Ng(k™ ') — 1) > Vs ((nf, kyy1) , Ng(k™) — 1) and
hence Ng(k™)—1 ¢ P (k™!). However this is a contradiction because we can show that Ng (k7)—
1€ P(k™'), from the same reasoning used above. =

Take an equilibrium («, 5, ¢, B). Let A; € A be a subset of A such that each m € A; contains
only one G and as its final element, that is, m takes the form of (G), (m1, G), (mq1,m2, G). Then
we can show the following lemma. Define A; in a similar manner.

Lemma 5 Take an equilibrium. Then for allm € A; and m' € A;, B(A,m) = [ (A,m') and
B(Cym) = B(C,m’) for all j.

Proof. We first show that for all m € Ay and m’ € Ay, 5(A,m) = 5 (A,m'). To see this,
suppose that there is some pair m € A; and m’ € A; such that §(A,m) > 5(A,m'). Then
obviously, 1 ¢ P (m’). Also because (A, m') < 1, from Lemma 3 there must be some j €
P (m’) such that Vg ((m/,m),j) = —6{Ng (m') + Np (m')}. However, then we have Vg (m, j) >
Vs (m/, j), which contradicts j € P (m’). Then we can prove that 5(A,m) = 5(A,m') for
m € A; and m’ € A; inductively. We can also prove that §(C,m) = (C,m') for all m €
A; and m' € A; in a similar manner. =
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Lemma 6 For allm € A and m’ € A such that B (A,m) = (A,m') =1, Ng(m)= Ng(m').

Proof. Supposethat m € Aandm’ € A, (A, m) =5 (A,m’) = 1but Ng(m) > N (m'). Then
it is immediately seen that from Lemma 5, for all j € P (m), we have Vg (m, j) > Vs (m4,j), where
my € Ay, mip <m/; m; € Ay, my; < m (note that history m’ reaches the node of sure acceptance
faster than m does), which contradicts with m € A. =

This lemma allows us to define the function that gives the number of pieces of good and bad
evidence to persuade the DM for a given equilibrium, which we denote by Ng (e) and Ng (e).

Proof of Theorem 3 is divided into three parts.

Lemma 7 For all e € P (n,ng,0), it holds that 5 (A, (m',G)) =1 or B(A, (m',G)) =4d/V for
all (m*, G) € A.

Proof. Suppose that the set of message history M+ = {m!| (m™,G) € A such that 3 (A, (m",G)) €
(0/V, 1) is non-empty. Also, let M be the set of the smallest elements of M with respect to
the order of <, that is, if m® € M™ there is no m! € M such that m! < m®. Note that from
Lemma 6, Ng (m*) = Ng (m*") =~ for some v for all m* € M*+ and m* € M*+*. Also, for all
m” € E we can find a m' € M such that m! < m".

In the equilibrium e, for every sender type j such that N —~ > j > =, there is a m; €
M (@, j) such that Vi (mq, j) > 0, that is, every sender types from { Ng (M 1), .., N—Ng (M*+)—
1} can get strictly positive payoffs by following a message path from M ™+ (note that from propo-
sition 1, each time a sender communicates an aspect, he is accepted with a probability of as high
as 11/V, which is enough to recover the cost of communication one time).

In this case, we can construct equilibrium e = <&,B, B , @) in an way that (6?, 5, LA?, @) =

(o, B, B, @) except B(A, m®) = 1 for all m* € M*". To see that this is an equilibrium, first note
that

VE(m,m® x) = V&(m,m?* z) for all m* < m” such that m™ ¢ =€ = M
TeE

e ++
M

VE(m,m®,x) = V&(m,m? z) for all m* < m” such that m

and VE(m,m*, j) = V&(m,m?, j) for all m?®, m, 1, and m,; such that there exist m”™ and m”™ such
that (m*,ms41) < m” € Z° and (m*,m,,,) < m™ € Z°. Those implies that & satisfies D-2 given
3, from the fact that « satisfies D-2 given 3. On the other hand, for all m* we have V5, (m!) <
Vi (mt) for all m? such that there is m”™ € Z° and m! < m”. Also, Vj5,, (m!) = Vj,, (m?) if
there is not such m”, and hence B satisfies D-1 given <@, E) , from the fact that [ satisfies
D-1 given (¢, B). Hence € is an equilibrium. We can also see that € Pareto dominates e since
it has strictly higher payoff for sender types {Ng (M**),.., N — Ny (M*") — 1} while giving
exactly the same payoff for other types of sender and the DM. m

Lemma 8 For all e € P (n,ng,9), it holds that B (A, (m!,G)) =1 or (A, (m',G)) =§/V for
all (m', G) € A.
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Proof. From Lemma 8, we assume that (A, (m',G)) € {1,0/V} for all (m!,G) € A holds
in any equilibrium we consider. Take an equilibrium e such that 3 (R, (m!,S)) < 1 for some
(m',S) € A. Let ¥ be a set of such m'. To get a contradiction, m' is not empty. From Lemma
4, Ng (m™) = Ng (m™) = Ng (e) and Ny (m”) = Ng (m™) = Ng (e) for all m™ € Z¢ and m” €
Z¢. From the equilibrium condition, for all m**! = (m',m;y1) € A such that m,y; € {G, B}, we
have

> {1= > a(mm™ j)ra (m ) f(5) (BOl] + ns) (25)

Jj>1 me{G,B}

> 772 Z a(m,mt+1,j)f(j),

n>1 me{G,B}

which follows from Z;'V:o B (m") Upm (A, j,m") =3, cp p(m|m*)Vpas (my, m) and Proposition
1. Note that this holds with equality when 3 (R, (m!*1, S)) = 1 and strict inequality otherwise,
and from the maintained assumption we have with strictly inequality for at least one
m' € A. Let T' () be a set of message histories such that their last element is G or B and rest of
elements are S, that is, it is the set of message history that an piece of evidence is communicated
for the first time.

Then, we can construct following equilibrium €: there is only one acceptance history m”™ =
(B,..,B,G,..,G), that is,  (R,m") = 1 for all m* £ m™, (A, m") = 1. The sender’s strategy
a satisfies (8)) with inequality for all m* < m7. Then, it is possible to choose @& in such a way that

a(B,2,7) < Zmel" a(m,j) for all j < Ng (m™) and at least one strictly inequality. However
this implies that

N
Vin (@) = Y a(B,@.j) (Elf]] - nsz a(B,2,j))
n>1 n>1
N
> > Z a (m, j) (E[0]j] —n) nsz > a(m,j) = Vi ().
n>1 mel (e n>1 mel(e)

Lemma 9 If there is an equilibrium e such that (m', B) € A for some m!, then there is a
benchmark strategy equilibrium €' that gives the DM strictly higher payoff.

Proof. Take an equilibrium e = (a, 3, B,¢) that involves communicating a piece of bad
aspect one time. From Lemma 6, all the equilibrium acceptance path involves at least one
time communication of a piece of bad evidence, which implies that type N sender has to
drop before reaching "acceptance for sure" nodes. Without loss of generality, assume that
m’ = (mq,..,m7) € Z contains no S, that is, m; € {G, B} and thus Ng (e) + 1 = 7. Moreover,
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from Lemma 7, we can assume that for all (m',G) € A, B (A, (m!,G)) € {n/V,1}. Then,

Vou (m1) =Y a(mi,2,j) f(5) BBl +n) ﬁsz{l—a my, @,J)} () = (26)

jZI J>1
nZZH (ms,m ZH o (me,m* ™ 5) £ () E[9]5]
t=1 j>1 j>1
= Zf E[0]5] —UZZH (ms,m™ ™, 5) £ (),
JZk t=1 j>1

where we used the relation

N

=Y {1=a (meyr,m, G) Mo (me,m*™, ) £ () (BIO]j]4ns) = nZHt“lOé me, m* 4, 5) f (),
j>1 i>1

(27)

for all m;,;. Since type N sender has to drop at some period and Vpy, (my) > 0, this implies

that
N-1 s—1 .
2z JO) B +0s) nZt L Yo Ty (my,m* ™, ) f ()
N-1 = N-T ;.
ZjZn f() ij.% f()
We will first show that there exists a benchmark strategy equilibrium such that it gives strictly
higher payoff to the DM than equilibrium e does. We moreover assume that m; = B.

Take a benchmark strategy equilibrium ¢’ = (o/, 3, ¢, B') that maximizes Ng (¢'). First,
suppose that we have a Ng (¢') > Ng (e) — 1. Define

(28)

Aa(t) = T o (mg,m™™1 ) (1—d (my,m'™, )

—Z o (mg,m®™ 1 j) (1= o (my,m'™,
and AE (j) = I'Zia’ (me,m* " j) (1= o (my,m"™,j

~—I'Zia (ms,m* ™Y 4) (1= (me,m"™, §)) El9]5]

If Ng(e') = Ng (e) — 1, because we cannot construct an equilibrium in an way that k aspects
are communicated, we must have —f (k — 1) {E[f|x — 1] + ng} < an\;Hf(j). To see this,
note that If —f (Ng (e)) {E[0|Ng (e)] + ng) > anyZNG(e)H, by the fact that we can con-
struct an equilibrium e’ with Ng (¢/) = Ng (e) implies that we can construct another equilib-
rium ¢’ with Ng (¢/) = Ng (e) by setting o/ (G, G*, N (e)) = —n Z?;Ng(e)“ J{E[f|N¢ (e)] +
n}, and o < a(G,G" 1, j) for all n, j, which is a contradiction. Then because we have
7_,a (mg,m* 1 j) f (Ng (e) — 1) {E[0| Ng (€) — 1] + g} = 772?;1 f (j) from the construction
of equilibrium e, we have

1
E(Ng(e) — 1)

AE (1) <nf (N) and Aa (1) < nf(N) (29)

On the other hand, if Ng (¢/) > &, follows immediately. Those in turn imply that

1

AE (r —1) <nf (N) +Aa(r)n and Aa (7 1) < pr—s—y

AE (1 —1).
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By continuing this, we will get

AE (t) <nf (N ZA& for all j > 1.

s=t+1

Next we show that
Z]>1 HS ta (m37 5 17]) f (j)

Sl ()

AE(t) <nf(N)
To see this, note that

Z]>1 I o (mg,m*=, 5) f (4)
Sion £)
S N T, (1= o (masr,m?, ) @ (my, m™ L) £ () + S0 f ()
Sen £ )
re+1)+...+4T(r=1)+T(7)
Sen £ )
where we defined I' (r) = >~ _, Zjil I_, (1 —a(me.,m~ 1 5)a(m,1,m* 7)) f(j).
On the other hand we can show that

Y

> en /()
AFE (T N) = N) == = N)I'(7),
(1) < nf(N)=nf( )Eﬁff(j) nf (N)T'(7)
AB(r=1) < af (N)+da(r)n =uf (N)T () +0f (N) gy
- a(me,m* L k—1)f(k—1)
< NI (7
< nf (N)T(7) +nf (V) S

= nf (N)D(7) +0f (N)T (7 = 1),
and more generally, AE (r) < nf (N)>_’. T (7), which implies

j=r

Z]>1 o (me, m*, ) f ()

AFE (r) < IS E——
ijn f ()

forallr e {1,..,k—1}

Obliviously, we have
0 < Vi (9) = Vi (2 ZAE E(0|N)

and thus implies
> i 1ZJ>1 o (mg,m*, 5) £ ()
ij; f ()

which contradicts with since E[f|j] is increasing with j.

E(0|N) >

Y
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Next, think of the case in which we have a benchmark strategy equilibrium ¢’ = (o/, 3, ¢, B') such
that Ng (¢/) = k — 2 but not kK — 1. Then the fact that we cannot construct an equilibrium in
an way that k£ — 1 aspects are communicated implies

L F ()

—f (k= 1E[flx —1] — f(x— 2)E[0lx — 2] <20Y_ £ (j) +71 Eols 1

JjZK

Then by using the same argument we can get a contradiction. Other cases can be treated
similarly. m

Proposition 3 follows immediately from Lemma 7, 8, and 9. Q.E.D.

8.4 Proof for Section 6

Proof of Proposition 4: Fix model’s parameter values (1,7g,9). In a benchmark strategy
equilibrium, the sender’s strategy o can be seen as a element of [0,1]2¢~1) (each represents
the probability of communicating G), since a (G,G* j) = 1 for all j > £ and t < & Let
£ C [0,1]*¢"Y be the set of the sender’s strategy that is supported as an equilibrium, and let
Ex C Efor A € {1,...,&} be a subset of the sender’s strategy that is supported by an equilibrium
e such that Ng(e) = A. We first show that set &, is closed in the usual sense of Euclidean
topology. However this is easy because if we take a sequence {a"}7°, from £ that converges to
«, it holds that

_2{1_ (GG )M am (G, G5, ) £ () (B0l +715) —nzﬂt“ o™ (G, G4 )) £ (),

j>x j>x

for all n and t < X, which implies that the same condition holds for « from lim,, ., @™ — «. Hence
a € & and &, is closed. Then Vpy (9), calculated as ) >1a(G @,9) [ () (EO|F] —n), is a
continuous function on &,, which is closed and bounded, and hence has a maximum point
in £,. Then Vpy (&) has the maximum on &£, which is a finite union of &,.

We next prove the uniqueness. Towards this end, suppose that we have two different equi-
libria e and €’ such that Vj5,, (e) = V5, (e) and those maximize the DM’s expected payoff
(best equilibria). From Theorem 4, which will be proved below, Ng(e) = Ng(€¢/) = X and
a(G,Gj) = o (G,G'j) =1forall t < Ng(e) and j > Ng (e). Moreover, since ([11)) must
hold at period A — 1, we must have o (G}, A —1) = o/ (G}, A—1). Let h < A — 1 be the
biggest ¢ such that « (G*, j) # o/ (G*, j) for some j < h, and let [ be the biggest [ < h such that

(Gh,j) #+ « (Gh,j) Without loss of generality, let 1 > « (Gh j) >a/ (Gh,j) Since we have
. ) for period h, there must be some ¢ such that « (Gh, q) <d (Gh, q) < 1. Then we can find
a pair of strictly positive numbers ¢ < o’ (G’h,q) (Gh,q) 0 < « (Gh l) (Gh l), and
e such that

{1—a(G,G" gy I"ZFa" (G,G* . q) f (q) {Ef]q] + ng}

+H1—a (GG ) HIZ e (G, G541) £ () {E[9)] + ng}
= {1-a(G.G" 1 q) —c} (e (G" . q) —¢€) f(q) {E[f]q] + ns}

H1—a(G.G" 1) +6} (a(G"11) —€) fF () {E[B]I] + s},
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because E[f|j] is strictly increasing with j. Then think of the following strategy after after period

h—1: a(G'j)=a(G'j) for all j #1,q, and
a(G,G"'q) = a(G,G" g +eand @ (G,G" " q) =a(G,G" ' q) — 5
16 (G.67hg) = a(Gh laQ) —ecand "0 (G,G*71,1) = o (G,G" 1) — ¢

Then obviously, Z =26 (G, G, Z I"~2a/ (G, G*7 1, 5) f (4) , and equilibrium con-

dition (8) is satisﬁed after period h—1. Then, by taking the same step as in the proof of Theorem
4, we can construct an equilibrium that can support such strategy after h — 1 in an way such
that a (G, 2,7) f (j) < a (G, 9, ) for all j holds with at least one strict inequality. Obviously,
such an equilibrium attains strictly higher Vpj, (@) than e does and it is a contradiction. @.FE.D.

Proof of Theorem 4: To get a contradiction, suppose that equilibrium e is the best equi-
librium for the DM, but there is another equilibrium e such that Ng (€) > Ng (e). Obviously,
Ng (€) < & Then from the fact that e being an equilibrium, we have for all t < N¢ (e) and
I!_,a(G,G*71,j) =1 for all j > Ng (e). On the other hand, since Ng (€) > Ng (e), we have

— Z{l —a (G, G )My, @ (G, G, 4) £(5) (BO]5] + ns)

j>1

= nZH?ﬁv (e)/\ GSila]’) @) >0,

j>1
for all t < Ng (e) and
II'_a(G,G",j)=1forall j > Ng(€) and t < Ng (€).
Then from the assumption 1, it holds that ITY*)a (G, G*=1, Ng (¢/) — 1) < 1. Hence
N
N, € S— . . N, €)~ S— . .
S0 Y MGG 0 Y MG F) =0 ()
j=Na(e) j>Ng(e)

Then we can construct a benchmark strategy equilibrium ¢’ = (o/, 3, ¢, B') in the following
way such that

o (,,7)==a(,,j) forall j > Ng(e)—1, BIZB,
for all t < Ng (€), and

o (G,G',j) <a(G,Gj) forall j < Ng(e) and t < Ng (e),
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which is possible from . Then it follows that

Viu (@) = ). d(G.@.)) f () BBl —n)
J#Ng(e')-1
+a/(G,2,]) f (Na (¢) = 1) (E[0| N (¢') — 1] —n)
—nsl Y 1= (G2, )} () +{1 - (G,2,Na () = D)}f (Ne () — 1)]

J#Ng(e')—1
N
> Y alG.@d)f () Bl )
J#Ng(e)—1

+a(G,2,j) f (Ne (¢) = 1) (Bf|Ng (¢) — 1] — n)

—nsl Y. {1-a(G.2. )} () +{1-a(G @ Ne() - 1)} f (Na (¢) — 1)]
J#Ng(e')—1
= Vpu (9),

which contradicts e being the best equilibrium for the DM. Q.E.D.

Proof of Theorem 5: That the strategies constructed by the procedure is an equilib-
rium follows from Theorem 4. Let A be the biggest j such that ¢; < 1 in the above process.

Then we have I'(j) < n for all j > A Suppose that ¢ = (@, E 0, B A) is the best equilib-
rium. From Lemma 9 and Theorem 5, it must hold that IT}_,a (G, G*"1, \) = cy. Suppose that
I=1a (G, G5\ — 1) # cy_1. because if IIN1a (G, G 1, A — 1) > cy_; the . cannot be sat-
isfied at period v — 2, it must hold that TT)= 11@ (G,G 1, )\ — 1) < ¢x_1. Then from the choice of
ca-1, we have to have 1 — @ (G,G*2,\) > 0 so that

—{1-a (G, 2 N1} Fa (GG A =1) f(AN=1)(BOIA— 1] +ng) (32)
—{1 —a (G, G2 N HLa (G, G N) F(A) (EIOIA] + ng)
= Z Im-ia (G671 4) £ ()

j>A—1

= —o-uf (A= 1) (BO|A = 1] +ng) — exf (A) (E[O]A] + ng).
Because |[E[f|A — 1]| > |E[0]|\]|, implies that

N
n Y Ma(G,675) £ ()
J>A—1
N
= {ISa (GG A=) fF(A= D)+ INIa (GG N F(N)+ > FU)}
G>A+1

> o f(A=1)+af (A Z G

j>A+1

which implies in the equilibrium condition at period A\ — 3, the right hand side is strictly
bigger in equilibrium € than in the equilibrium generated by the procedure. However, then it is
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possible to construct another equilibrium ¢’ = (o, 8, ¢/, B') by letting II)={ o/ (G, G*" 1, A — 1) =
cxo1, I o (G,G*71 \) = ¢y, and

N N
n Y IM_yo (GG ) f() <n Y TMya (GG ) f(j) forall t € {2,., ) —2}.

Jj=A-1 Jj=A-1

Then obviously,

Vi (@ ZH 10 (G,2.5) £ (5) (BIOlj] =) = ns 3 T {1 = o' (G2, 5)}f ()

> 2 @ (G,2,5) f () (BIO1] =) = ns 3T {1 =G (G, 2, )} () = Vi (2),

which contradict with the fact that €'is the best equilibrium, from which IT)= 11@ (G,GL A —1) =
cx_1 follows. Following the same procedure backward, we can eventually get IT’_,a (G, G*71, j) =
c; for all j, which shows that our procedure generates the best equilibrium. Q.E.D.

8.5 Proof for Section 7

Proof of Theorem 8: The first statement is straightforward. In the benchmark strategy
equilibrium e, we have Vg (&, ) = 0 for j < Ng (e) and

Vs (2,§) = > (V=56)(1=6/V)16/V + (V= Ng(e)d) (1 —6/v)Ne@1
se{l,.,Ng(e)—1}
= > (V =56)(1=6/V)1s/V — (1= 6/V)N@O1 NG (e)
se{l,.,Ng(e)—1}
+ (1= 6/V)NIING (e) + (V = Ne (e) 8) (1 — 6/V) e~
= Vs(8,Ng(e) — 1) + (1 —8/V)NO™ Ng (e) + (V — Ng (e) 8) (1 — 6/V)Nel)!
= (1-6/V)"O Ng(e) + (V= Ng (€) 8) (1 — 6/v)NeO

for j > N¢ (e) , where we used the fact Vs (&, N (e) — 1) = 0. Then obviously aVS Wsl24) <, which
implies the result. Q.E.D.
Proof of Z;V:G 1%]% ) (E[O|1] —77) <0.

To get a contradiction, suppose that Z - %f’j)l L f ) (EG1] —1n') > 0 for some
n'. Then, we have n” > 5’ sufficiently close to 7’ and ZNG(e (G, 2,7) ) EONL] —1) >

ijfl(e)fl " (G,2,7) f () (E[0]1] —n'), where o’ and o corresponds the sender’ strategy in the

best equilibrium for the DM when 1 = 7' and n = ", respectively.

From the fact that o’ is supported as an equilibrium when 1 = 1’ implies that holds for
all t < Ng (€'). Since ’ > 1, this implies that

& (G NG () = 1) (N (¢) = DV EBING () = 1] =n" > f(n)
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for some @ (GNe¢(#)=1 Ng (¢') — 1) < o (GNel®)=1 Ng (¢') — 1) , where we used the notation
a(m7,j) =1_;a(ms,m*' 7). Then (8) holds for t = Ng (¢/) — 1 implies that

Ng(e')—-1

> {1-a (@O )a (@) £ () Bl
j>Ng(e')—2

= '@ (GYO NG (¢) = 1) F(Ng (€)= 1)+ Y )

n>Ng(e')

for some @ (GNe()=2 N (¢/) — 2) < o/ (GNe)=2 N (¢') — 2) and @ (GNe)=2 Ng (¢) — 1) <
o (GN a(€)=2 Ng (e') — 1) with at least one strictly inequality. Continuing this, we will eventually
get a (G, j) < o (G, ) for all j with at least one strict inequality. This implies that a sender’s
strategy a can be supported as an equilibrium when 1 = n”. However, it contradicts o” being
the best equilibrium for the DM since

Ng(e)—-1 N
Yo aGe ) fU) @R -y = Y fG)BEI -
=1 j=Ng(e")
Ng(e")—-1 N
> ) A (Go ) fG)EBO -9~ Y fG)EBIL ")
=1 j=Ng(e")
Ng(e”)—1
> o" (G, 2,7) f () (B[] —n") - £ () (BO[L] = n").
=1 j=Ng(e")

Q.E.D.

8.6 Proof for Section 8

Proof of Theorem 9: A probabilistic commitment is characterized by a £ —1 dimensional vector
o = (01,09, ..,0¢_1), where o; is the probability that the DM accepts the proposal after requiring
J pieces of good evidence. We will prove that for any o the the probabilistic commitment given
in the theorem attains higher expected payoff for the DM. Towards this end, pick a commitment
o and fix it. Also, denote by 7 (o) be the DM’s expected payoff associated with commitment
o, and k (o) be the threshold type of sender above which he is eventually accepted by the DM.
It is without loss of generality to assume the followings:

N k(o)—1
(1-0) ’Z fG)n< Z f () Blj] for all I < k(o) — 1, (33)

because otherwise, another commitment ¢’ = (01, 09, ..0;_1, 1, 1, 1) attains higher expected payoff

for the DM.

First suppose that o; > d/V. Then, every sender j > 1 communicates a piece of good evidence
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at period 1. Then we have 7 (o) =

Ul{Zf EBlj] —n) —nsf(0)} + (1 —01)02¥2 + (1 — 01) (1 — 02) 03¥3
ot (L=01) (L=02) - (1= one—) { D F) BOl] — (k (o) = 1)n)},
J=k(o)

where V; is the expected payoff for the DM when she accepts at period j.

Think of the commitment ¢’ = (1/V, 09, .., 0¢). Then we have 7 () >

/v { Z £(G) (BO1] — n) — g f (0)} + (1 —6/V) 020y

JiZk(o)
+ o+ 1=0/V)(1=03)- (1= 0kie)1) {Zf Bflj] — (k (o) = )m) —ns Y f0)}
i>k(o) J<k(o)

which is strictly higher than 7 (), because of ([33)). This implies that for all commitment o such
that o1 > ¢/V, there is a commitment ¢’ such that o) = §/V and attains higher expected payoff
for the DM. Applying the same reasoning inductively, we can prove that for all commitment
o such that o; > §/V for some j, there is a commitment ¢’ such that o, = §/V for all j and
attains higher expected payoff for the DM.

Next, suppose that oy;)—1 < 0/V. Then we have

(o) = o1+ (1 —01)02¥s+ -+

(1—01) - (1= ko)~ 1{2 ) EPl] = (k(o) —1)n)}

j>k(o)
(1=01) - (L=oxe1) { D f()BOL] - k(o) n)}
J>k(o)

Think of the commitment o' = (01, ., 0k(r)—2,0/V,1,.,0¢). Then we have

71'(0'/) = 01\P1+(1—01)02\I/2+ +

= (1-01) (1= 0one)2 {Z £ () (B[0]5] = (k (o) = 1))}

Jj>k(o)

= (o) (-0 (1——){Zf E17] - £ (o))},

j>k(o

which is strictly higher than 7 (¢). Applying the same reasoning inductively backward, we can
prove that for all commitment o such that o; < §/V for some j, there is a commitment ¢’ such
that o, = §/V for all j and attains higher expected payoff for the DM.
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Proof of Theorem 10: We denote the solution to the commitment problem by r (7, ng,0) , and
let k (n,mg,0) be the longest time of talk in the best equilibrium for DM, i.e.,

B(A,G")=1and B(A,G") =4/V forallt <k — 1.

Since the result is trivially true when s (n,7g4,0) = 0, think of the case in which & (n,ng,6) >

17 i'e'a VBM (@) = 27]:[:1 f (n> o (G> n, @) (E[H!n] - 77) — s ZnNzl f (n) (1 -« (Gana Q)) Let r =
r(1,ns,0) and K = £ (1,75, 9)

Because o (G, @, j) = 1 for all j > k, we have

Tpum (k) = Vi (D)

= > FG) @] = rn) —ng > f ()

]>/§ J<k

—Zf a(G,2,j) (B6]5] —n) +nst ){1-a(G,2,))}

= =) () m+2f a(G,2,5)n

j>l€

—Zf a(G,2,j)E 9|n—nst (G, 2, j),

7>1

where we used a (G, @, j) = 1 for all j > k. Then it follows that

Youm (k) — Vou ()

= —msz 0 fG)e(G )@ —nst oG, 2, j)-
—Zf a(S,4,G)a (G, j, o) B0]j] - Zf a(G,j,G)a (G, j,2) B[]
Jjz N Jjz

= —nﬁZf Z () a(G,2,)) 77st a(G, 2, j)
+an<j>a<G, i) a(G,2,j) +77st a(8,),G)a(G, j,2)

7>1
= w=-neY _f(j +nZZH a (G, G j) f(j)
>k 7j>1 t>1
k—1 kK
= 7Y > T a(G,G%j) f(j) >0,
j>1 t>1
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where the last inequality is strict when k£ > 1. Note that we used the conditions of benchmark
equilibrium repeatedly, i.e.,

S (5,6 ) b (GG, ) (BIOL) 4 ng) =S (6,67, ) b (6,69, )
j>1 gzl

forall n < k. Q.E.D.
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