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Statistical inference about a scalar parameter is often performed using the two-sided t-

test. In extremum problems, where the estimator satisfies the restrictions on the parameter

space - such as the nonnegativity of a variance parameter -, the test suffers from size dis-

tortions when the true parameter vector is near or at the boundary of the parameter space.

Nevertheless, the two-sided t-test continues to be used when estimates are found to be close

to the boundary. This can be attributed to a lack of inference procedures that appropriately

account for boundary effects on the asymptotic distribution of the estimator. To address this

issue, we propose an estimator that is asymptotically normally distributed, even when the

true parameter vector is near or at the boundary, and the objective function is not defined

outside the parameter space. The novel estimator allows the implementation of several ex-

isting testing procedures and a new test based on the Conditional Likelihood Ratio statistic

(CLR). Compared to the existing procedures, the new test is easy to implement and has

good power properties. Moreover, it offers power advantages over the two-sided t-test, when

the latter controls size. We also show the test to be admissible when inference is performed

with respect to a scalar parameter. We apply the test to the random coefficients logit model

using data on the European car market and find more evidence of heterogeneity in consumer

preferences than suggested by the two-sided t-test.
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1 Introduction

Statistical inference about a scalar parameter is often performed using the two-sided t-test,

which relies on the asymptotic normality of the underlying estimator. In extremum problems,

however, the commonly employed estimator is not asymptotically normally distributed when

the true parameter vector is near or at the boundary of the parameter space (Andrews, 1999).

In that case, the two-sided t-test suffers from size distortions. While the test can suffer

from overrejection (under some conditions), underrejection constitutes the more prevalent

problem. Due to the associated loss in power, a researcher is, for example, more likely to

falsely conclude that a parameter is equal to zero, which has significant consequences in the

context of model selection exercises. The random coefficients logit model (Berry, Levinsohn,

and Pakes, 1995), where variance parameters are restricted to be nonnegative, constitutes

a prominent example of models in which estimates are frequently found to be close to the

boundary, indicating that the assumption that the true parameter vector lies in the interior is

violated.1 Nevertheless, the two-sided t-test continues to be used in practice (e.g., Nevo, 2001;

Goeree, 2008). This can be attributed to a lack of inference procedures that appropriately

account for boundary effects on the asymptotic distribution of the estimator, which result

from the restrictions on the parameter space to which the estimator is confined.2

In this paper, we address this gap in the literature by introducing a modified extremum

estimator that is asymptotically normally distributed even when the true parameter vector

is near or at the boundary of the parameter space. The novel estimator does not require

the original extremum objective function to be defined outside the parameter space and

is, therefore, available in a wide range of nonlinear models. The estimator is given by the

unconstrained minimizer of a quadratic approximation to the original objective function.

It is easy to implement and obtained by a single step of the Newton-Raphson algorithm

starting at the constrained extremum estimator.

Although the two-sided t-test based on the novel estimator constitutes a valid and size-

correct test, the nonstandard nature of the testing problem can be utilized to construct tests

that are more powerful. The testing problem is nonstandard in that it is characterized by the

presence of nuisance parameters that satisfy certain restrictions. We introduce two tests that

take these restrictions into account. The tests are based on the generalized Likelihood Ratio

statistic (gLR) and the Conditional Likelihood Ratio statistic (CLR), which previously have

1Other models with similar restrictions on the parameter space are given by random coefficients regression
models (Andrews, 1999), censored panel data models with slope heterogeneity (Abrevaya and Shen, 2014),
multinomial discrete response models with random coefficients (Hausman and Wise, 1978) or random effects
(McFadden, 1989).

2Andrews and Guggenberger (2010) show that bootstrap procedures are also inconsistent.
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not been considered for the testing problem at hand. The tests are easy to implement and,

in many cases, lead to tighter confidence intervals than the “benchmark”, i.e., the two-sided

t-test based on the constrained extremum estimator.

The null distribution of the gLR depends on the true value of the nuisance parameter. In

order to construct a valid test based on the gLR we consider the least favorable configuration

approach. When the dimension of the nuisance parameter is small, the resulting test displays

good power properties. In particular, it offers power advantages over the “benchmark” for a

wide range of alternatives. However, the conservativeness of the test, resulting from the use

of the least favorable configuration, leads to low power in large parts of the parameter space

when the number of nuisance parameters is large.3

Conditional on a sufficient statistic for the nuisance parameter, the (conditional) null

distribution of the CLR is independent of the true value of that parameter. As a result,

the test based on the CLR displays good power properties regardless of the dimension of

the nuisance parameter. Furthermore, we show the test to be admissible when inference

is performed with respect a scalar parameter. Another appealing feature is that the test

reduces to the two-sided t-test when the true parameter vector lies in the interior of the

parameter space. Consequently, confidence intervals obtained by inverting the test can be

interpreted as a natural extension of standard confidence intervals to the nonstandard setting

where the true parameter vector might be near or at the boundary.

Based on our novel estimator, other tests recently proposed in the literature become

available. Elliott, Müller, and Watson (2013) propose tests that maximize weighted average

power (WAP), while Montiel Olea (2013) proposes tests that maximize WAP subject to a

similarity constraint. WAP maximizing tests are attractive when the researcher has a par-

ticular weight function in mind, where the weight function specifies the alternatives towards

which the test directs power. The tests proposed in this paper are “ad hoc” in that they are

not designed to maximize WAP (or minimize a general loss function). However, from the

results in Montiel Olea (2013) it follows that there exist weights with respect to which the

test based on the CLR maximizes WAP subject to a similarity constraint. For the testing

problem with a scalar nuisance parameter, we conduct a power comparison of the tests based

on the gLR, the CLR, and the two tests proposed by Elliott, Müller, and Watson (2013)

and Montiel Olea (2013) for certain choices of the weight function.4 All tests are found to

have comparable power properties, displaying advantages over some parts of the parameters

3Alternative methods that do not rely on the use of the least favorable configuration can also be imple-
mented, see e.g., McCloskey (2012).

4The weight functions are taken from the two papers. Elliott, Müller, and Watson (2013) use “uniform”
weights that assign equal weights to all alternatives. Montiel Olea (2013) uses weights that yield a simple
closed form solution for his test statistic.
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space, while lacking in power over others.

Regardless of whether the researcher has a particular weight function in mind, the choice

of a test is also guided by computational feasibility. The tests proposed by Elliott, Müller,

and Watson (2013) and Montiel Olea (2013) become computationally expensive as the num-

ber of nuisance parameters increases.5 The computational costs associated with the tests

introduced in this paper, on the other hand, are invariant to the number of nuisance param-

eters, making them more attractive in practice.

In order to illustrate their usefulness, we apply the proposed testing procedures to the

random coefficients logit model (Berry, Levinsohn, and Pakes, 1995), which is widely used

in the industrial organization and marketing literatures to model demand for differentiated

products. The random coefficients in this model are typically parameterized by a vector of

means and variances and allow for heterogeneity in consumer preferences with respect to

different product characteristics. In many applications, it is a priori unknown which of the

product characteristics interact with a random coefficient, i.e., which variance parameters

are non-zero. As a result, the empirical analysis often starts with a baseline model that

allows for a random coefficient on all product characteristics. Then, a powerful test such as

the one based on the CLR can prove useful in determining a good model specification. In

an application of the random coefficients model to the European car market using data from

Reynaert and Verboven (2014), we find evidence of consumer heterogeneity with respect to

price (divided by income), horse power (divided by weight), and height of the car when using

the CLR.6 The two-sided t-test, on the other hand, which represents common practice, only

suggests the presence of consumer heterogeneity with respect to horse power.

The plan of this paper is as follows. Section 2 introduces the testing problem, the two test

statistics, the gLR and the CLR, and the tests based on them. This section also shows that

the test based on the CLR is admissible for testing hypotheses about a scalar parameter.

Section 3 provides asymptotic theory for general extremum estimators and introduces a novel

estimator which is shown to be asymptotically normal. This section also contains details

on how to implement the proposed testing procedures when using an asymptotically normal

estimator. Section 4 contains a power comparison of our testing procedures, along with other

tests recently proposed in the literature, in the context of several leading examples. Section

5 contains an application to the random coefficients logit model. In this section, we perform

a small Monte Carlo study to illustrate the finite sample behavior of our testing procedures

5For certain choices of the weight function, the test statistic proposed by Montiel Olea (2013) can be
obtained in closed form. Then the computational cost is equivalent to that of the test based on the CLR
and the gLR. However, for a general weight function, the test statistic needs to be evaluated numerically,
leading to an increase in computational cost.

6The gLR is not the preferred choice in this setting due to the large number of nuisance parameters.
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and present the empirical findings. Section 6 concludes.

Throughout this paper, (a, b) denotes the vector (a′, b′)′, where a and b are column vectors.

R, R+, and R++ denote (−∞,∞), [0,∞), and (0,∞), respectively. Furthermore, if A denotes

an interval in R, then AN denotes A× · · · × A with N ∈ N copies.

2 Testing

In this section, we first describe the testing problem and motivate its relevance. Then, we

introduce two testing procedures that have previously not been considered for the testing

problem at hand. They are based on the generalized Likelihood Ratio statistic (gLR) and

the Conditional Likelihood Ratio statistic (CLR). The section concludes by showing that

the test based on the CLR is admissible for the testing problem at hand.

2.1 Testing problem

This paper studies the problem of testing hypotheses about a scalar parameter, β. We con-

sider the case where β is an element of a (K+1)×1 dimensional unknown parameter vector,

θ = (β, δ), that enters a general extremum objective function, Qn(θ), whose dependence on

the data {Wi : i ≤ n} is suppressed for notational convenience. Section 3 contains detailed

information on what kind of objective functions are permitted in our framework. The K× 1

dimensional vector δ is not specified under the null hypothesis and, therefore, constitutes

a nuisance parameter in the testing problem. The parameter space for θ is assumed to be

restricted, and we are interested in testing hypotheses about β when the true parameter

vector is near or at the boundary of the parameter space. This is modeled by means of

drifting sequences of true parameters, θn. For the purpose of illustration, assume θ ∈ RK
+ .

Then, the drifting sequences of interest would be such that
√
nθn → µ, where µ denotes

a localization parameter with ‖µ‖ < ∞. Such drifting sequences are essential in order to

derive asymptotic theory that provides good approximations to the finite sample behavior

of an estimator or a test statistic, when the true parameter vector is close to the boundary

relative to the sample size. Throughout this paper, we use near and close interchangeably.

Furthermore, the case where the true parameter vector is at the boundary, µk = 0 for some

k ∈ {1, . . . , K + 1}, constitutes a special case of the true parameter vector being near the

boundary and, hereafter, is sometimes referred to implicitly.

Motivated by the recent literature, we introduce the hypothesis testing problem in the

limit experiment, or limiting problem (see e.g., Van der Vaart, 2000; Elliott, Müller, and

Watson, 2013; Müller, 2011). In particular, we assume that we observe a draw from a random
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variable, Y , whose distribution is fully determined by a (K + 1) × 1 dimensional unknown

parameter vector µ. This µ corresponds to the localization parameter of the original testing

problem and is partitioned as µ = (b, d), where b is scalar and d is a K × 1 dimensional

vector. We are interested in testing hypotheses about b, while treating d as a nuisance

parameter. Similar testing problems are also considered in Elliott, Müller, and Watson

(2013) and Montiel Olea (2013). Our hypothesis testing problem of interest is

H0 : b = b0 ∈ B∞, d ∈ D∞ vs. H1 : b 6= b0, b ∈ B∞, d ∈ D∞, (1)

where B∞ equals (−∞, 0], [0,∞), or (−∞,∞), and D∞ is a Cartesian product of intervals

that equal (−∞, 0] or [0,∞). Let M∞ = B∞ × D∞ denote the parameter space for µ.

Although the shape of the parameter space is restrictive, it arises in many models of inter-

est. Random coefficient models, where variance parameters are restricted to be nonnegative,

constitute a leading example. Another example is given by (semi-) parametric regression

models, where some coefficients are known to satisfy sign restrictions. The motivation for

why D∞ does not contain intervals of the form (−∞,∞) is given by an invariance argument.

In Section 3, we allow for an additional nuisance parameter in θ, whose true value is assumed

to lie in the interior of the parameter space and which can be thought of as being “partialled

out”. The end points of the intervals in M∞ are equal to zero, when they are not infinite,

without loss of generality. When the original parameter space for (β, δ) is given by a Carte-

sian product of intervals, M∞ can always be written as above by appropriately recentering

(β, δ). Similarly, the focus on two-sided testing problems is without loss of generality.

In this paper, we introduce tests for the hypothesis testing problem given in (1) based

on the Gaussian shift experiment, i.e.,

Y =

(
Yb

Yd

)
∼ N

((
b

d

)
,Σ

)
, (2)

where Σ is known and positive definite. Alternatively, we could derive tests based on the

limiting problem that is obtained under the sequence of (constrained) extremum estimators

commonly employed in practice. The corresponding Y , say Y c, is distributed as the pro-

jection of (2) onto a linear subspace of RK+1, see Section 3.1. However, tests based on (2)

are not only easier to derive, but also subsume tests based on Y c, i.e., any test based on Y c

can also be implemented given (2), while the reverse is not true. Intuitively, a draw from

a normal random variable is more informative (about µ) than a draw from a “truncated”

normal. Other tests recently proposed in the literature are also based on the Gaussian shift

experiment (see e.g., Elliott, Müller, and Watson, 2013; Montiel Olea, 2013). A main con-
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tribution of this paper is to propose an asymptotically normal estimator, which is available

under no additional assumptions beyond those made to derive the asymptotic distribution of

a constrained extremum estimator, such that tests based on the Gaussian shift experiment

become available in a wide range of nonlinear models.

In standard settings, the support of µ = (b, d) is RK+1, and there are good reasons to

ignore Yd when making inference about b. For example, for the two-sided testing problem,

H0 : b = b0 vs. H1 : b 6= b0, the test that rejects when | Yb−b0√
Σββ
| > cv, where cv denotes the

critical value of a standard normal distribution, is the uniformly most powerful unbiased

test. In the nonstandard setting considered in this paper, Yd contains information about b

that can be exploited when testing (1).

Before introducing our testing procedures, we illustrate how tests developed for (1) based

on (2) can be used under drifting sequences of true parameters when an asymptotically nor-

mal estimator is available. To that end, we consider a simple example taken from Andrews

and Guggenberger (2010).

Example 1 : We consider the testing problem where a scalar nuisance parameter is near

the boundary. Suppose {Xi ∈ R2 : i ≤ n} forms a triangular array of i.i.d. random vectors

with

Xi =

(
Xi,1

Xi,2

)
, θn ≡ E(Xi) =

(
βn

δn

)
, and Σ ≡ Var(Xi),

where Σ is positive definite. θn is a drifting sequence of true parameters. The parameter

space is given by Θ = B × D, where B = (−∞,∞) and D = [0,∞), i.e., we know a

priori that the mean of Xi,2 is nonnegative. We assume that the drifting sequence of true

parameters satisfies
√
nβn → b, where |b| < ∞, and

√
nδn → d < ∞. We are interested in

testing H0 : b = b0 while leaving d unspecified under H0.7 The sample averages, X̄1 and X̄2,

are estimators of βn and δn, respectively, and by a central limit theorem (CLT) for triangular

arrays satisfy

√
n

(
X̄1 − βn
X̄2 − δn

)
d→ N(0,Σ)

or, equivalently,

√
n

(
X̄1

X̄2

)
d→ N

((
b

d

)
,Σ

)
.

Therefore, under the above drifting sequences the scaled estimator,
√
nX̄, is asymptotically

distributed as Y given in equation (2). Furthermore, the parameter spaces for b and d are

7Testing H0 : b = b0 can be understood as testing H0 : βn = b0/
√
n at a given sample size, n.
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given by B∞ = (−∞,∞) and D∞ = [0,∞), respectively.8 As a result, any test derived for

the testing problem given in (1) and (2) can be applied here by replacing Y by its sample

analogue,
√
nX̄, and by replacing Σ by a consistent estimator, such as the sample variance

of Xi.

2.2 Testing procedures

In the problem without a nuisance parameter, i.e., without Yd in (2), and B = [0,∞),

Feldman and Cousins (1998) propose the use of the generalized Likelihood Ratio statistic

(gLR) in order to make inference. To the best of our knowledge, there has been no attempt

yet to use the gLR to make inference in the general testing problem given in (1) and (2).

Let φ(y, µ,Σ) denote the pdf of a (K + 1) × 1 dimensional normal random vector with

mean, µ, and positive definite variance, Σ. Then, the gLR is defined as follows

gLR(b0, yb, yd) = 2 log

(
supb∈B∞,d∈D∞ φ((yb, yd), (b, d),Σ)

supd∈D∞ φ((yb, yd), (b0, d),Σ)

)
= inf

d∈D∞

(
yb − b0

yd − d

)′
Σ−1

(
yb − b0

yd − d

)
− inf

b∈B∞,d∈D∞

(
yb − b

yd − d

)′
Σ−1

(
yb − b

yd − d

)
.

The distribution of gLR(b0, Yb0 , Yd) depends on the true value of d, which is not specified

under the null. One possibility to construct a level α test based on the gLR is by means of

the “least favorable configuration”. The least favorable configuration, say dLFC, is such that

inf
d∈D∞

P (gLR(b0, Yb0 , Yd) < cvdLFC
) = 1− α,

where cvdLFC
denotes the (1−α) quantile of the gLR(b0, Yb0 , YdLFC

) when the true parameter

equals (b0, dLFC). The corresponding test rejects whenever gLR(b0, yb, yd) > cvdLFC
.

Another possible testing procedure is based on the Conditional (generalized) Likelihood

Ratio statistic (CLR), which was originally suggested by Moreira (2003) for the linear Instru-

mental Variables regression model with weak instruments. Variates thereof have also been

used in the context of weak identification in the Generalized Method of Moments (GMM)

(see e.g., Kleibergen, 2005). The test utilizes the gLR without relying on the least favorable

configuration. We consider the following transformation of Y(
Yb

Yd − ΣδβΣ−1
ββYb

)
∼ N

((
b

d− ΣδβΣ−1
ββb

)
,

[
Σββ 0

0 Σδδ − ΣδβΣ−1
ββΣβδ

])
,

8This relies on |b| <∞ and d <∞.
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where [
Σββ Σβδ

Σδβ Σδδ

]
denotes a conformable partition of Σ. Let X ≡ Yd−ΣδβΣ−1

ββYb. Note that the distribution of

X depends on d, while that of Yb does not. Since X and Yb are independent, X is a sufficient

statistic for d. In fact, X is a complete sufficient statistic for d, where completeness follows

from Theorem 4.3.1 in Lehmann and Romano (2005). Now define

CLR(b0, yb, x) = inf
d∈D∞

(
yb − b0

x+ ΣδβΣ−1
ββyb − d

)′
Σ−1

(
yb − b0

x+ ΣδβΣ−1
ββyb − d

)

− inf
b∈B∞,d∈D∞

(
yb − b

x+ ΣδβΣ−1
ββyb − d

)′
Σ−1

(
yb − b

x+ ΣδβΣ−1
ββyb − d

)
. (3)

The CLR test, ϕCLR(yb, x), is given by

ϕCLR(yb, x) =

1 if CLR(b0, yb, x) > cv(α, x)

0 otherwise
, (4)

where cv(α, x) denotes the conditional (1−α) quantile of the distribution of CLR(b0, Yb, x),

where Yb ∼ N(b0,Σββ). Unlike the (unconditional) distribution of the gLR statistic, the

(conditional) distribution of the CLR statistic does not depend on the true value of d due

to the conditioning on X = x, which is a sufficient statistic for d.

The critical values, cvdLFC
and cv(α, x), although not available in closed form, can easily

be obtained by means of simulation.

Another test statistic of interest is the two-sided t-statistic based on the constrained

maximum likelihood estimator for b, tML hereafter, where the constraint is given by µ ∈M∞.

The power function of the test that compares the tML to the standard critical value of

a normal random variable matches, under certain conditions, the local asymptotic power

function of the two-sided t-test based on a constrained extremum estimator when the true

parameter vector is near or at the boundary. The latter corresponds to common practice

where potential boundary effects on the distributions of the underlying estimator are ignored.

Therefore, the performance of the test based on tML is of particular interest and analyzed,

in detail, below.

In what follows, gLR, CLR, and tML can refer to the statistic or the respective test based

on that statistic with the understanding that the gLR uses the least favorable configuration

approach, while the tML uses the critical value of a standard normal random variable. Before
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turning to the asymptotic theory, we show that the CLR is admissible in the above testing

problem.

2.3 Admissibility of the CLR

In order to show that the CLR is admissible in the class of all tests for the testing problem

at hand, we first introduce some additional notation. Define M∞
0 and M∞

1 such that the

testing problem given in equation (1) can be written as

H0 : µ ∈M∞
0 vs. H1 : µ ∈M∞

1 ,

where by definition M∞
1 = M∞\M∞

0 . Let C denote the class of all tests. A test is defined as

a measurable function ϕ : Y → [0, 1].9 Here, Y = RK+1 denotes the support of Y . Similarly,

let X = RK denote the support of X. ϕ(y) is to be understood as the probability of rejecting

the null hypothesis given a realization of the data, y. The type I error of ϕ for µ ∈ M∞
0 is

defined as

Eµ[ϕ(Y )] =

∫
Y
ϕ(y)f(y|µ)dy,

where f(y|µ) denotes the pdf of Y , which in the model on hand is the pdf of a multivariate

normal. Since Σ is known, we suppress the dependence of f(y|µ) on Σ. The type I error

is only defined for parameter values in the null set, M∞
0 , and signifies the probability with

which the null hypothesis is falsely rejected. The type II error of ϕ for µ ∈M∞
1 is defined as

1− Eµ[ϕ(Y )] = 1−
∫
Y
ϕ(y)f(y|µ)dy.

The type II error is only defined for parameter values in the alternative set, M∞
1 , and

signifies the probability of falsely failing to reject the null hypothesis. Define the risk function

associated with ϕ as

Rϕ(µ) =

Eµ[ϕ(Y )] if µ ∈M∞
0

1− Eµ[ϕ(Y )] if µ ∈M∞
1

.

The risk function allows the comparison of tests. In particular, a test ϕ′ is said to dominate

ϕ, if Rϕ′(µ) ≤ Rϕ(µ) for all µ ∈ M∞ with strict inequality, Rϕ′(µ) < Rϕ(µ), for some

µ ∈ M∞. A test ϕ is called admissible in a class of tests, C∗ ⊆ C, if there exists no test

ϕ′ ∈ C∗ such that ϕ′ dominates ϕ. Admissibility is a minimal optimality requirement for a

test within a certain class of tests. If a test is admissible, it cannot uniformly be improved

9The CLR above is defined as a function of Yb and X, but since Y is a one-to-one function of Yb and X,
the CLR could equivalently be expressed as a function of Y .
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upon, i.e., the probability of making an incorrect decision cannot be lowered somewhere in

the parameter space without an increase in that probability elsewhere.

Before stating the admissibility result for the CLR, we introduce the concept of similarity,

which is used in its derivation. A test, ϕ, is said to be conditionally similar if Eµ[ϕ(Y )|X =

x] = α ∀ x ∈ X and ∀ µ ∈ M∞
0 and similar if Eµ[ϕ(Y )] = α ∀ µ ∈ M∞

0 . The CLR is by

construction conditionally similar. It follows, by the law of iterated expectations, that it is

also (unconditionally) similar.10

The following Theorem asserts that the CLR introduced in Section 2.2 is admissible in

the class of all tests pertaining to the testing problem given in (1) and (2).

Theorem 1. The ϕCLR defined in (4) is admissible in the class of all tests, C, pertaining

to the testing problem given in (1) and (2).

The proof of Theorem 1 is given in Appendix A.1. It consists of two parts. First, it

is shown that any similar test with convex acceptance sections is admissible. Second, it is

shown that the CLR has convex acceptance sections. A test is said to have convex acceptance

sections if for any x ∈ X the acceptance region of the test as a function of yb is closed and

convex.11 The acceptance region of a test is the part of the sample space, for which the test

fails to reject the null hypothesis. The first part of the proof follows from Theorem 3.1 in

Matthes and Truax (1967). For the problem at hand, the Theorem asserts that the class

of similar tests with convex acceptance sections is complete. A class of tests, C∗ ⊆ C, is

complete, if for any ϕ 6∈ C∗, there exists a ϕ∗ ∈ C∗ such that ϕ∗ dominates ϕ. Admissibility

of a similar test with convex acceptance sections can then be derived when Yb is scalar. The

result relies on X being a complete sufficient statistic for d. The second part of the proof

follows from the definition of the CLR statistic given in equation (3).

The testing problem at hand satisfies assumption F0-F2 in Montiel Olea (2013). There-

fore, his Theorem 1 applies, which states that any admissible and similar test is an extended

Efficient Conditionally Similar (ECS) test. The appeal of an extended ECS test is that there

exist weights (with full support on M∞) with respect to which the test is arbitrarily close

to the weighted average power (WAP) maximizer subject to a similarity constraint. Put

differently, there exists weights such that the CLR is the essential WAP maximizing test

(with respect to those weights) subject to a similarity constraint.

10A priori, it is not clear whether similarity implies good power properties. For example, in moment
inequality models similar tests have been shown to have poor power (Andrews, 2012). The power analysis
in Section 4 shows that the CLR has good power properties for the testing problem at hand.

11The definition of convex acceptance sections given in equation (3.1) in Matthes and Truax (1967) is
slightly different, since it allows for randomized tests. Here, we can restrict ourselves to non-randomized
tests, since Y is a continuous random variable.
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As mentioned above, the proof of Theorem 1 depends crucially on Yb being scalar. For

testing problems, where Yb is vector-valued, the CLR can be shown to be admissible in the

conditional problem, but it appears to be an open question whether it is admissible in the

unconditional problem.

3 Asymptotic Theory

In this section, we introduce a general class of extremum problems. In Section 3.1, we show

that constrained extremum estimators, which by construction satisfy the restrictions on

the parameter space, are not asymptotically normally distributed when the true parameter

vector is near or at the boundary. Consequently, the gLR and the CLR, as well as other tests

defined in the Gaussian shift experiment cannot be implemented based on such estimators.

Unconstrained estimators are often unavailable, because the objective function is not defined

outside the parameter space, e.g., a likelihood function may not be defined for negative values

of a variance parameter. In Section 3.2, we propose a modified extremum estimator that

is asymptotically normally distributed and that does not require the objective function to

be defined outside the parameter space. This novel estimator considerably broadens the

applicability of tests defined in the Gaussian shift experiment. Details on how to implement

such tests based on an asymptotically normal estimator are provided in Section 3.3.

Throughout this section, we borrow notation from Andrews and Cheng (2012a) (AC1

hereafter) and Andrews and Cheng (2012b) (AC2 hereafter). The criterion function of the

extremum problem is denoted Qn(θ). The class of extremum problems is large and includes

(quasi) Maximum Likelihood (ML), Generalized Method of Moments (GMM) and Minimum

Distance (MD) problems among others.

The constrained estimator θ̂n is defined as the approximate minimizer of Qn(θ) over Θ,

i.e.,

Qn(θ̂n) = inf
θ∈Θ

Qn(θ) + op(1/n), (5)

where Θ denotes the true parameter space. In AC1, Θ denotes the optimization parameter

space, and it is assumed that the true parameter space is a strict subset of the optimization

parameter space. This is done to assume away boundary effects on the asymptotic distri-

bution of the estimator. Here, we make the assumption that the true parameter space and

the optimization parameter space are identical, since we are interested in the behavior of the

estimator near the boundary.

We assume that θ can be partitioned as follows: θ = (β, δ, ξ), where β denotes the scalar

parameter of interest, δ denotes a K × 1 dimensional nuisance parameter, and ξ denotes
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an additional L × 1 dimensional nuisance parameter. Our setup differs from that of AC1

as none of the parameters determine the identification strength of any other parameter.

In fact, all parameters are assumed to be well identified. The difference between δ and ξ

is that δ is modeled as close to the boundary, whereas ξ is modeled as in the interior of

the parameter space. The objective function Qn(θ) depends on data {Wi : i ≤ n}, which

may be i.i.d., independent and nonidentically distributed, or temporally dependent. In most

applications the distribution of the data is not fully specified by the vector θ, but it depends

on an additional, commonly infinite-dimensional, parameter, φ. For example in conditional

maximum likelihood problems, φ denotes the distribution of the data on which we condition.

The parameter γ = (θ, φ) is assumed to fully specify the distribution of the data. The true

parameter space is assumed to be of the following form

Γ = {γ = (θ, φ) : θ ∈ Θ, φ ∈ Φ(θ)}, (6)

where the true parameter space for θ, Θ ⊂ RK+L+1, is compact. In particular, we assume

that Θ equals a Cartesian product of intervals equal to [−c, 0], [0, c] or [−c, c] for c ∈ R+,

i.e., some of the parameters are bounded below or above by 0, where the normalization to 0

is without loss of generality.12 The boundary we are interested in is at 0, and not at c.13 The

form of the parameter space is restrictive, but it is obtained for many models of interest, most

notably in the context of random coefficients models, see e.g., Berry, Levinsohn, and Pakes

(1995) or Abrevaya and Shen (2014).14 As in AC1, we assume that Φ(θ) ⊂ Φ ∀ θ ∈ Θ for

some compact metric space Φ with a metric that induces weak convergence of the bivariate

distribution (Wi,Wi+m) for all i,m ≥ 1.

When the true parameter vector lies in the interior of the parameter space, standard

asymptotic theory provides good approximations to the finite sample behavior of the es-

timator for large enough sample sizes. But, at any given sample size, the true parameter

vector might be too close to the boundary for standard asymptotic theory to provide good

approximations. Intuitively, standard asymptotic theory provides poor approximations if the

estimates are within “a few” standard errors from the boundary. In that case, modeling the

true parameter vector as close to the boundary relative to the sample size provides better

finite sample approximations. This is achieved by means of drifting sequences of true param-

12The use of c as common endpoint for all intervals is merely for notational convenience. The endpoints
are free to vary between all K + L+ 1 sets in Θ.

13In fact, here we implicitly assume that the true parameter space is a strict subset of the optimization
parameter space, since we do not allow the true parameter to be equal to c, but crucially we do not assume
that for the boundary at 0.

14With the exception of random coefficients models which allow the random coefficients to be correlated,
see e.g., Andrews (2001).
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eters, which approach the boundary at a rate inversely related to the sample size, n, where

the rate is chosen such that the distance to the boundary “shows up” in the asymptotic

distribution.

A drifting sequence of true parameters is denoted γn = (θn, φn). The set of all such

drifting sequences is given by

Γ(γ∗) = {{γn ∈ Γ : n ≥ 1} : γn → γ∗ ∈ Γ}.

The drifting sequences of primary interest are given by

Γ(γ∗, b, d) = {{γn ∈ Γ(γ∗) : n ≥ 1} :
√
nβn → b ∈ B∞ and

√
nδn → d ∈ D∞}, (7)

where B∞ equals (−∞, 0], [0,∞), or (−∞,∞) when the first coordinate of Θ equals [−c, 0],

[0, c], or [−c, c], and D∞ equals the product space of sets equaling (−∞, 0] or [0,∞) in

accordance with the coordinates of Θ, which equal [−c, 0] or [0, c]. Thus, the set of drifting

sequences given in (7) implicitly imposes |b| <∞ and ‖d‖ <∞. Throughout this paper, we

use the terminology “under {γn} ∈ Γ(γ∗)” to mean “when the true parameters are γn ∈ Γ(γ∗)

for any γ∗ ∈ Γ” and “under {γn} ∈ Γ(γ∗, b, d)” to mean “when the true parameters are

γn ∈ Γ(γ∗, b, d) for any γ∗ ∈ Γ with β∗ = 0, δ∗ = 0, b ∈ R, and d ∈ RK”.

In order to help fix ideas, we introduce a running example:

Example 2 : Consider the following random coefficients model

yi = xiηi + ui,

where for expository purposes xi is assumed to be scalar. (xi, yi) is assumed to be i.i.d.. We

assume further that ηi ∼ N(µη, σ
2
η) and ui ∼ N(0, σ2

u) such that ηi ⊥⊥ ui. Then, the model

can be written as

yi = xiµη + ui + xiviση = xiµη + εi,

where vi ∼ N(0, 1) and εi = ui + xiviση. Note that εi|xi ∼ N(0, σ2
u + x2

iσ
2
η). The conditional

individual log likelihood function is given by

l(µη, σ
2
u, σ

2
η|yi, xi) = −1

2
log(2π)− 1

2
log
(
σ2
u + x2

iσ
2
η

)
− (yi − xiµη)2

2
(
σ2
u + x2

iσ
2
η

) .
The (scaled) conditional log likelihood function, which for notational consistency is denoted
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Qn(θ), is given by

Qn(θ) = − 1

n

n∑
i=1

l(µη, σ
2
u, σ

2
η|yi, xi).

We can “change” the order of the elements in θ to conform with the above notation according

to which parameter we are interested in. The parameter space for µη, σ
2
η, and σ2

u is given by

[−c, c], [0, c], and [a, c], respectively, where 0 < a < c. We assume that σ2
u
∗
> a, i.e., only the

variance parameter σ2
η
∗

may be at the boundary.15 A reparameterization from σ2
u to σ2

u − a
results in a parameter space of the form [−c, c], which conforms with the above definitions.

There are three possible orderings of the elements in θ, depending on which of the three

parameters is the parameter of interest: 1) β = µη, δ = σ2
η, and ξ = σ2

u − a, 2) β = σ2
η, δ

empty, and ξ = (µη, σ
2
u − a), and 3) β = σ2

u − a, δ = σ2
η, and ξ = µη. The parameter space

for φ is given by

Φ = {φ : Eφ|xi|8+ε ≤ C}, (8)

where ε ∈ R++ and C ∈ R++. Note that here, Φ does not depend on θ.

Next, we introduce the assumptions underlying the asymptotic distribution theory de-

rived in this paper. The assumptions are stronger than those in Andrews (1999), A1 here-

after, as they to not allow for non-stationary time series or complicated shapes of the pa-

rameter space. However, the assumptions allow for drifting sequences of true parameters.

We make the high level assumption that θ̂n is consistent for θ∗.

Assumption 1. θ̂n = θ∗ + op(1) ∀ γ∗ ∈ Γ.

Note that Assumption 1 implies that

θ̂n = θn + op(1).

This follows trivially as θn → θ∗. Thus, θ̂n can be thought of as a consistent estimator for

the drifting sequence of true parameters, θn. A sufficient condition for Assumption 1 is given

by the following.

Assumption 1∗.

(a) Under {γn} ∈ Γ(γ∗), supθ∈Θ |Qn(θ) − Q(θ; γ∗)| = op(1) for some non-stochastic real-

valued function Q(θ; γ∗).

(b) Q(θ; γ∗) is continuous on Θ ∀ γ∗ ∈ Γ.

15As above the superscript ∗ denotes the limit of the drifting sequence of true parameters.
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(c) Q(θ; γ∗) is uniquely minimized by θ∗ ∀ γ∗ ∈ Γ.

(d) Θ is compact.

As in A1 and AC1, we consider a quadratic approximation to the objective function. In

particular, we consider an approximation around the true value as in A1 with the difference

that here the true value is given by a drifting sequence and, thus, depends on the sample

size, n. We do not have to consider the approximation around the point of discontinuity as

in AC1, since we assume that identification does not depend on the true parameter value.

The quadratic approximation is given by

Qn(θ) = Qn(θn) +
∂

∂θ
Qn(θn)′(θ − θn) +

1

2
(θ − θn)′

∂2

∂θ∂θ′
Qn(θn)(θ − θn) +Rn(θ), (9)

where ∂
∂θ
Qn(θn) and ∂2

∂θ∂θ′
Qn(θn) are defined in the following assumption, which assures that

the quadratic approximation exists and that the remainder term is asymptotically negligible.

Assumption 2.

(a) Qn(θ) has continuous left/right (l/r) partial derivatives of order two on Θ ∀ n ≥ 1 with

probability 1.

(b) Under {γn} ∈ Γ(γ∗), for all constants εn → 0,

sup
θ∈Θ:‖θ−θn‖≤εn

∥∥∥∥ ∂2

∂θ∂θ′
Qn(θ)− ∂2

∂θ∂θ′
Qn(θn)

∥∥∥∥ = op(1),

where (∂/∂θ)Qn(θ) and (∂2/∂θ∂θ′)Qn(θ) denote the (K +L+ 1)× 1 vector and (K +

L+ 1)× (K + L+ 1) matrix of l/r partial derivatives of Qn(θ) of orders one and two,

respectively.

In many cases, Assumption 2 (b) can be verified using a uniform LLN, see e.g., Andrews

(1992).16 The last two assumptions concern the asymptotic behavior of the first and second

order partial derivatives of the objective function under drifting sequences of true parameters.

Assumption 3. Under {γn} ∈ Γ(γ∗), Jn = ∂2

∂θ∂θ′
Qn(θn)

p→ J(γ∗), where J(γ∗) is nonsingular

and symmetric.

Assumption 4. (i) Under {γn} ∈ Γ(γ∗),
√
n ∂
∂θ
Qn(θn)

d→ N(0, V (γ∗)) for some symmetric

V (γ∗). (ii) V (γ∗) is positive definite ∀γ∗ ∈ Γ.

16Assumption 2 corresponds to Assumption 22∗ in A1 and Assumption Q1 in AC2. Assumption 22∗ in A1
is sufficient for Assumption 2∗ in A1, while Assumption Q1 in AC2 is sufficient for D1 in AC1.
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Assumption 3 can often be verified using a uniform LLN for triangular arrays, while

Assumption 4 typically follows from a CLT for triangular arrays.17

Example 2 (continued): The verification of Assumptions 1-4 can be found in Appendix

A.4.

We introduce some additional notation. Let

Zn = −J−1
n

√
n
∂

∂θ
Qn(θn),

such that Zn
d→ Z(γ∗), where

Z(γ∗) ∼ N(0, J(γ∗)−1V (γ∗)J(γ∗)−1). (10)

With Jn and Zn thus defined, the quadratic approximation to the objective function given

in equation (9) can be written as

Qn(θ) = Qn(θn)− 1

2n
Z ′nJnZn +

1

2n
qn(
√
n(θ − θn)) +Rn(θ), (11)

where

qn(λ) = (λ− Zn)′Jn(λ− Zn).

Under the assumptions made above, the remainder, Rn(θ), is small enough such that the

asymptotic distribution of the centered and scaled minimizer of Qn(θ),
√
n(θ̂n − θn), is

asymptotically equivalent to the asymptotic distribution of the centered and scaled minimizer

of Qn(θ)−Rn(θ). The latter function only depends on θ through the function qn(·), which is

quadratic in θ. The distribution of the minimizer of a quadratic function is much easier to

characterize than the distribution of the minimizer of Qn(θ) explaining the use of rewriting

(9) as (11). The asymptotic distribution of the minimizer of qn(λ) is given by the distribution

of

λ̂ = arg min
λ∈Λ(b,d)

q(λ), (12)

where

q(λ) = (λ− Z(γ∗))′J(γ∗)(λ− Z(γ∗))

and where Λ(b, d) denotes the limit of the shifted and scaled parameter space,
√
n(Θ− θn).

17Assumptions 3 and 4 correspond to Assumptions D2 and D3 in AC1, respectively, and to Assumption 3
in A1.
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Below, we formally show that
√
n(θ̂n−θn) is asymptotically distributed as λ̂. The distribution

of λ̂ crucially depends on Λ(b, d) and is given by the projection of a normal random variable,

Z(γ∗), onto Λ(b, d) with respect to the norm q(λ)
1
2 .

In the standard case, where the limit of drifting sequence of true parameters, θ∗, lies

in the interior of the parameter space, we have that
√
n(Θ − θn) → Λ = RK+L+1 such

that λ̂ = Z(γ∗), recall equation (12). This illustrates that the approach of quadratically

approximating the objective function, which conceptually differs slightly from the typical

linear approximation to the first order condition, constitutes another way of obtaining the

standard asymptotic normality result for
√
n(θ̂n − θn) when θ∗ lies in the interior of the

parameter space.

3.1 Asymptotic distribution of constrained extremum estimator

In this section, we present the asymptotic distribution result for
√
n(θ̂n − θn) when the true

parameter vector is near or at the boundary. Although the result is not new (Andrews,

1999), it is helpful in establishing uniformity results, as it is derived using drifting sequences

of true parameters as in Andrews and Cheng (2012a). We also discuss conditions under

which the two-sided t-test based on a constrained extremum estimator controls asymptotic

size.

For all sequences {γn} ∈ Γ(γ∗, b, d), we have that
√
n(Θ − θn) → Λ(b, d), where Λ(b, d)

denotes a cone with nonzero vertex. In what follows, we also refer to Λ(b, d) as the local

parameter space. We illustrate the shape of Λ(b, d) in the context of our running example.

Example 2 (continued): We consider ordering number 1) β = µη, δ = σ2
η, and ξ = σ2

u − a
such that B = [−c, c], D = [0, c], and Ξ = [−c, c]. Furthermore, let

√
nβn → b, where

|b| <∞,
√
nδn → d <∞, and ξn → ξ∗, where −c < ξ∗ < c. Then,

√
n(Θ− θn)→ Λ(b, d) =

(−∞,∞)× [−d,∞)× (−∞,∞), which is a cone with vertex (0,−d, 0).18 Here, Λ(b, d) does

not depend on b.

More generally, Λ(b, d) is equal to a product set of intervals. In particular it takes the form

(−∞,−b], [−b,∞) or (−∞,∞) when B equals [−c, 0], [0, c] or [−c, c] times a K dimensional

product set, where the kth set equals (−∞,−dk] or [−dk,∞) when Dk equals [−c, 0] or [0, c]

for k = 1, . . . , K, times a L dimensional product set, where each set equals (−∞,∞).

18Note, that since Λ(b, d) is not a proper cone the vertex is not uniquely defined with respect to the first
and the third element. We choose 0 without loss of generality.
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Proposition 1. Under Assumptions 1-4 and under {γn} ∈ Γ(γ∗, b, d),
√
n(θ̂n − θn)

d→ λ̂,

where λ̂ is defined in (12) with Λ(b, d) defined as in the preceding paragraph.

The proof of Proposition 1 follows from the arguments in A1. Details can be found in

Appendix A.2. The results in Section 6 of A1 concerning the asymptotic distribution of

subvectors of
√
n(θ̂n − θn) apply here as well with the slight modification that here Λ(b, d)

is a cone with non zero vertex. Since the asymptotic distribution of
√
n(θ̂n − θn) is not the

main interest of this paper, we refrain from reproducing the results here.

As mentioned in Section 2.2, the asymptotic distribution of
√
n(β̂n − βn) is given by the

distribution of the maximum likelihood estimator for b in (2) subject to µ ∈ M∞ under

some condition. This condition is given by V (γ∗) = aJ(γ∗) for some constant a ∈ R+.

Put differently, the correspondence is obtained if the matrix defining the norm q(λ)
1
2 is

proportional to the variance matrix of Z(γ∗). To gain some intuition for this, we consider

a simple example. Let K = 1 and L = 0 with B = [−c, c] and D = [0, c]. Then, letting
a∼

denote “asymptotically distributed as”, it can be shown that

√
nβ̂n

a∼ Yb + J−1
11 J12 min(0, Yd) (13)

where Yb and Yd are scalar and

J = J(γ∗) =

[
J11 J12

J12 J22

]
.

Generally, the variance matrix of Y = (Yb, Yd), Σ, is given by J(γ∗)−1V (γ∗)J(γ∗)−1. However,

if V (γ∗) = cJ(γ∗), Σ simplifies, and the expression in equation (13) reduces to

√
nβ̂n

a∼ Yb − ΣβδΣ
−1
δδ min(0, Yd).

It is easy to see that the distribution of Yb−ΣβδΣ
−1
δδ min(0, Yd) is also the distribution of the

maximum likelihood estimator for b in the corresponding Gaussian shift experiment. Since

the tML controls size, as illustrated in Section 4 below, it follows that the two-sided t-test

based on β̂n controls asymptotic size. V (γ∗) = aJ(γ∗) holds, for instance, when, in the

context of GMM, the efficient weighting matrix is employed or when, in the context of ML,

the likelihood function is correctly specified.

If V (γ∗) 6= cJ(γ∗), the two-sided t-statistic based on β̂n can suffer from overrejection.

Note, however, that overrejection does not occur in the part of the sample space where the

estimate is not restricted or, put differently, not at the boundary. One way to think of this

is that, if the estimate is not found to be restricted, then it could have been obtained using
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an unrestricted estimator, which, if used in the construction of the two-sided t-test, allows

for size-correct inference.

Next, we illustrate the asymptotic distribution result given in Proposition 1 in the con-

text of our running example.

Example 2 (continued): Since our model is a well-specified likelihood model, we make use

of the fact that the information equality holds. In particular, this implies that J(γ∗) = V (γ∗),

such that Z(γ∗) ∼ N(0, V (γ∗)−1). We consider the three different orderings of elements in θ

separately. For the last two orderings the asymptotic distribution is not normal. In order to

investigate how well the asymptotic distribution approximates the finite sample distribution,

we provide Monte Carlo results for these two orderings. The asymptotic distribution and the

finite sample distribution are both evaluated using 10.000 Monte Carlo draws. We choose

n = 400. xi is drawn from a U(1, 2) distribution. The parameter values are given by µη = 0,

σ2
u = 1, and σ2

η is varied as indicated below.

1) β = µη, δ = σ2
η, and ξ = σ2

u − a: Since βn → 0 and δn → 0, we have that θ∗ =

(0, 0, ξ∗) = (0, 0, σ2
u
∗ − a). The Fisher Information, V (γ∗), is given by19

Eφ∗


1
σ2
u
∗x2

i 0 0

0 1
2

1
(σ2
u
∗)2
x4
i

1
2

1
(σ2
u
∗)2
x2
i

0 1
2

1
(σ2
u
∗)2
x2
i

1
2

1
(σ2
u
∗)2

 ,
where Eφ∗ [·] denotes the expectation with respect to the distribution of xi under φ∗.

Due to the information orthogonality the asymptotic distribution of
√
n(β̂n−βn) does

not depend on δ, and we obtain

√
n(β̂n − βn)

d→ N(0,Σββ),

where Σββ denotes σ2
u
∗

Eφ∗ [x2
i ]

.

2) β = σ2
η, δ empty, and ξ = (µη, σ

2
u − a): Since βn → 0, we have that θ∗ = (0, ξ∗) =

(0, µ∗η, σ
2
u
∗ − a). The Fisher Information, V (γ∗), is given by

Eφ∗


1
2

1
(σ2
u
∗)2
x4
i 0 1

2
1

(σ2
u
∗)2
x2
i

0 1
σ2
u
∗x2

i 0
1
2

1
(σ2
u
∗)2
x2
i 0 1

2
1

(σ2
u
∗)2

 .
19The first and second order partial derivatives of the likelihood function can be found in Appendix A.4.
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Since ξ does not impact the asymptotic distribution of
√
n(β̂n − βn) (see e.g., A1), we

have that
√
n(β̂n − βn)

d→ max(−b,N(0,Σββ)) or, equivalently,

√
nβ̂n

d→ max(0, N(b,Σββ)), (14)

where Σββ denotes 2(σ2
u
∗
)2

Eφ∗ [x4
i ]

.
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Figure 1: Asymptotic and finite sample densities of β̂n = σ̂2
η for different values of b.

Figure 1 shows the asymptotic and finite sample densities of β̂n = σ̂2
η for different values

of b =
√
nβn. b takes on the values 0, 3, and 6 from left to right, which corresponds to

βn taking on the values 0, 0.15, and 0.3, respectively.20

3) β = σ2
u − a, δ = σ2

η, and ξ = µη: Since βn → 0 and δn → 0, we have that θ∗ =

(0, 0, ξ∗) = (0, 0, µ∗η). The Fisher Information, V (γ∗), is given by

Eφ∗


1
2

1
(σ2
u
∗)2

1
2

1
(σ2
u
∗)2
x2
i 0

1
2

1
(σ2
u
∗)2
x2
i

1
2

1
(σ2
u
∗)2
x4
i 0

0 0 1
σ2
u
∗x2

i

 .
20In fact, the asymptotic approximation is obtained by evaluating V (γ∗) at β equal to 0, 0.15, and 0.3

rather than 0, 0, and 0. This provides a much better finite sample approximation and reflects common
practice, where plug-in estimates of V (γ∗) are utilized. This also holds true for Figure 2 below.
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The asymptotic distribution of
√
n(β̂n−βn) can be deduced from that of

√
nβ̂n, which

is given by the distribution of

Yb − ΣβδΣ
−1
δδ min(0, Yd),

where (
Yb

Yd

)
∼ N

((
b

d

)
,Σ

)
with Σ =

[
Σββ Σβδ

Σβδ Σδδ

]
.

Here, Σ denotes the inverse of

Eφ∗

[
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Figure 2: Asymptotic and finite sample densities of β̂n = σ̂2
u for different values of d.

Figure 2 shows the asymptotic and finite sample densities of β̂n = σ̂2
u for different values

of d =
√
nδn. d takes on the values 0, 3, and 6 from left to right, which corresponds to

δn taking on the values 0, 0.15, and 0.3, respectively.

The Monte Carlo results illustrate that the finite sample distribution is well approxi-

mated by the asymptotic distribution derived above.
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The reason why the asymptotic distribution of a constrained extremum estimator is not

normal is that the estimator is restricted to the parameter space. If it were possible to

obtain an unrestricted estimator, then that estimator would be asymptotically normal under

standard regularity conditions. But as seen in Example 2, an unrestricted estimator is not

always available.

3.2 Asymptotic distribution of modified extremum estimator

In the preceding section, we showed that constrained extremum estimators are not asymp-

totically normally distributed when the true parameter vector is near or at the boundary of

the parameter space. In this section, we show that it is possible to obtain an asymptotically

normal estimator, even if the objective function is not defined outside the parameter space.

As mentioned above, this is useful as it broadens the applicability of testing procedures

defined in the Gaussian shift experiment.

In order to give some intuition for the estimator proposed below, consider the asymptotic

distribution of the estimator of σ2
η in Example 2 given in equation (14). It is given by a normal

distribution truncated below at 0. The truncation of the asymptotic distribution results from

the restriction on the parameter space, which prevents the estimator from taking on negative

values. If an unrestricted estimator were available, it would be asymptotically distributed

as the underlying normal random variable, N(β, ωββ). Our objective is, thus, to construct

an estimator that behaves like an unrestricted estimator.

The distributional result in the previous section is obtained by showing that constrained

extremum estimators behave asymptotically like minimizers of quadratic functions over a

strict subset of the Euclidean space, the local parameter space. A quadratic function, in

contrast to the original objective function, is always defined over the entire Euclidean space

and can, therefore, also be minimized over the entire Euclidean space. The proposed esti-

mator is given by the unrestricted minimizer of a quadratic function that approximates the

original objective function.

Another way of motivating the estimator is as follows. When the estimate is at the

boundary of the parameter space, we know that the estimate does not satisfy the first order

condition of the optimization problem. But intuitively, there is a point outside the parameter

space that would satisfy the first order condition, if that point were allowed in the sense of the

objective function being well defined at that point or, more precisely, in an open set around

that point. This point is approximated by the minimum of the quadratic function that

approximates the objective function and that passes through the estimate at the boundary.

Figure 3 illustrates the above intuition graphically, where the quadratic approximation is
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denoted M̂n(θ), θ is scalar and non-negative, and where the estimate is at the boundary, i.e.,

θ̂n = 0.

θ
0θ̃n

f(θ)

M̂n(θ)

Qn(θ)

Figure 3: Illustration of proposed estimator.

We now formally define the estimator. Let

Mn(θ) = Qn(θn) +
∂

∂θ
Qn(θn)(θ − θn) +

1

2
(θ − θn)′

∂2

∂θ∂θ′
Qn(θn)(θ − θn) (15)

such that

Qn(θ) = Mn(θ) +Rn(θ). (16)

Put differently, Mn(θ) constitutes the “main” (or quadratic) part of the objective function,

i.e., it excludes the asymptotically negligible remainder. The minimizer of Mn(θ), say θ̈n,

appropriately centered and scaled is asymptotically normally distributed. To see this, note

that θ̈n satisfies the following first order condition

0 =
∂

∂θ
Mn(θ̈n) =

∂

∂θ
Qn(θn) +

∂2

∂θ∂θ′
Qn(θn)(θ̈n − θn).

Solving for (θ̈n − θn) and multiplying both sides by
√
n, we get

√
n(θ̈n − θn) =

(
∂2

∂θ∂θ′
Qn(θn)

)−1√
n
∂

∂θ
Qn(θn).

Now, by Assumptions 3 and 4 (in combination with a Continuous Mapping Theorem and

Slutzky), we have that
√
n(θ̈n − θn)

d→ Z(γ∗), (17)
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where Z(γ∗) is given in equation (10). In other words,
√
n(θ̈n − θn) is asymptotically

distributed like the normal random variable that underlies the asymptotic distribution of
√
n(θ̂n− θn) given in Proposition 1. The estimator, thus, has the desired property described

above.

However, the above estimator is infeasible, since Mn(θ) depends on the true parameter

value, θn. A feasible estimator is given by the minimizer of the following objective function

M̂n(θ) = Qn(θ̂n) +
∂

∂θ
Qn(θ̂n)′(θ − θ̂n) +

1

2
(θ − θ̂n)′

∂

∂θ∂θ′
Qn(θ̂n)(θ − θ̂n), (18)

which equals Mn(θ) with the unknown true parameter value, θn, replaced by θ̂n, which by

Assumption 1 is a consistent estimator of θn. The following Theorem formally shows that

the centerd and scaled minimizer of M̂n(θ) is also asymptotically distributed as Z(γ∗).

Theorem 2. Let θ̃n = arg supθ M̂n(θ). Under Assumptions 1-4 and under {γn} ∈ Γ(γ∗, b, d),√
T (θ̃n − θn)→ Z(γ∗).

Remark 1. In terms of implementation, θ̃n is easily obtained by performing a single step of

the Newton-Raphson algorithm, namely by computing θ̃n = θ̂n + ( ∂
∂θ∂θ′

Qn(θ̂n))−1 ∂
∂θ
Qn(θ̂n).

When θ̂n is in the interior of the parameter space, this amounts to setting θ̃n = θ̂n, since the

first order condition holds for an interior solution, i.e., ∂
∂θ
Qn(θ̂n) = 0.

The proof of Theorem 2 can be found in Appendix A.3. The proof consists of two parts.

First, it is shown that the two quadratic functions given in equations (15) and (18) are

“close” to each other around θn. This relies on θ̂n being a
√
n-consistent estimator of θn,

which follows from Proposition 1. Then, the proof proceeds by showing that the centered

and scaled minimizers of the two quadratic functions are “close” to each other. This then

suffices to show the desired result since the centered and scaled minimizer of (15) converges

in distribution to Z(γ∗), see equation (17).

In order to illustrate the finite sample performance of the novel estimator, we return to

our running example.

Example 2 (continued): For the sake of coherency, we present the finite sample densities

of θ̃n in terms of the different orderings. We only present orderings 2 and 3.

2) β = σ2
η, δ empty, and ξ = (µη, σ

2
u − a):

Figure 4 shows the finite sample distribution of β̃n = σ̃2
η in the center panel and the

finite sample distribution of β̂n = σ̂2
η in the first panel, for ease of reference. The third

panel shows the asymptotic density of β̃n = σ̃2
η.
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Figure 4: Finite sample (and asymptotic) densities of β̂n = σ̂2
η and β̃n = σ̃2

η for b = 0.

3) β = σ2
u − a, δ = σ2

η, and ξ = µη:

0 1 2
0

0.2

n = 400, d = 0

0 1 2
0

0.2

n = 400, d = 0

0 1 2
0

0.2

Asy, d = 0

Figure 5: Finite sample (and asymptotic) densities of β̂n = σ̂2
u and β̃n = σ̃2

u for d = 0.

Figure 5 shows the finite sample distribution of β̃n = σ̃2
u in the center panel and the

finite sample distribution of β̂n = σ̂2
u in the first panel, for ease of reference. The third

panel shows the asymptotic density of β̃n = σ̃2
u.

Again, the asymptotic distribution provides a good approximation to the finite sample

distribution of the estimator.

3.3 Testing in extremum problems

Theorem 2 shows that in a general class of extremum problems it is possible to obtain

an asymptotically normal estimator, even when the true parameter value is near or at the

boundary. This asymptotically normal estimator together with our assumptions on the

parameter space allows the application of any test derived for (1) and (2) to empirically

relevant testing problems. In this section, we briefly comment on the implementation details.
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The local parameter space corresponding to ξ equals RL and is, therefore, unrestricted.

Invoking an invariance argument, we restrict our attention to the estimator of (β, δ) in order

to make inference about β. This parallels the standard approach to inference, when the

true parameter vector is in the interior of the parameter space. In that case, inference with

respect to a scalar parameter is conducted using the two-sided t-test, which also ignores the

remaining coordinates of the parameter vector. By Theorem 2, we have

√
n

(
β̃n

δ̃n

)
d→ N

((
b

d

)
,Σ

)
,

where Σ denotes the block of J(γ∗)−1V (γ∗)J(γ∗)−1 corresponding to (β, δ). Furthermore,

the parameter space for b and d is given by the product set of B∞ and D∞, which are

defined in accordance to the shape of the original parameter space, e.g., if βn ∈ [0, c], then

B∞ = [0,∞). As J(γ∗)−1V (γ∗)J(γ∗)−1 typically depends on φ∗ only through expectations,

a consistent estimator is obtained by replacing expectations with sample averages and by

replacing θ∗ with θ̂n, which by Assumption 1 is consistent. Let Σ̂ denote the corresponding

estimator of Σ. The null hypothesis H0 : βn = β0 can then be tested using any test derived for

(1) and (2) by testing b = b0 = β0 ·
√
n with Y evaluated at its sample analogue,

√
n

(
β̃n

δ̃n

)
,

and with Σ̂ in place of Σ.

Since the tests considered in Section 2.2 are continuous in their argument, Y , it follows by

the continuous mapping theorem that their evaluations at sample analogues are asymptoti-

cally valid in the sense that they asymptotically control size. Furthermore, the power curves

obtained in Section 4 below, for the Gaussian shift experiment, represent the corresponding

asymptotic power curves. Moreover, Theorem 1 in Müller (2011) can be invoked to show

that the CLR is, in some sense, asymptotically admissible, see also Comment 3 in Müller

(2011).

Since the CLR is contiguous in the localization parameters, b and d,21 it reduces to the

regular two-sided t-test, when the true parameter vector is in the interior of the parameter

space. Confidence intervals obtained by inverting the CLR can thus be interpreted as a

natural extension of standard confidence intervals to the nonstandard setting, where the

true parameter vector is near or at the boundary. Since the (conditional) distribution of the

CLR does not have a closed form expression, the inversion needs to be performed by a grid

search, which is quick if β is scalar.

21Assume K = 1, i.e., d is scalar, and D∞ = [0,∞). As d→∞, the constraint d ∈ D∞ (in the definition
of the CLR) becomes less binding and in the limit, d = ∞, which corresponds to δ∗ in the interior of the
parameter space, never binds. The limit case is thus modeled by K = 0. This argument generalizes to
arbitrary dimensions of the localization parameters, b and d.
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4 Power comparison

In this section, we conduct a power comparison of the testing procedures introduced above

and several other testing procedures that have recently been proposed in the literature. The

power comparison is conducted in the Gaussian shift experiment and, thus, corresponds to a

comparison of local asymptotic power when the testing procedures are based on an asymp-

totically normal estimator, and when the true parameter vector is close to the boundary.

The goal of the power comparison is twofold. First, we want to assess the performance of

the tML, which represents common practice, in comparison to alternative testing procedures.

Second, we want to illustrate that our testing procedures perform well in comparison to

existing ones. Note that all tests considered in this section, with the exception of the tML,

require an asymptotically normal estimator and, thus, in many models of interest require

the novel estimator introduced in Section 3.2.

The power comparison is conducted in the context of several leading examples that

are characterized by having at most one nuisance parameter present. Power curves are

numerically evaluated using 10,000 Monte Carlo draws. Throughout this section, tests are

conducted with a 5% significance level. To ease the notational burden, we take Σ to be

a correlation matrix, i.e., its main diagonal equals a vector of 1s. This is without loss of

generality and can always be achieved through an appropriate normalization. Furthermore,

Σβδ = Σδβ is scalar throughout this section and is therefore be denoted by ρ, the correlation

parameter.

4.1 No nuisance parameter

We first consider the case with one parameter of interest near the boundary and no nuisance

parameter present. The Gaussian shift experiment for this case is given by

Yb ∼ N(b, 1).

The hypothesis testing problem of interest is

H0 : b = b0 vs. H1 : b 6= b0, b ≥ 0.

In the absence of nuisance parameters the gLR and the CLR are identical and given by

CLR(b0, yb) =
supb≥0 exp(−1

2
(yb − b)2)

exp(−1
2
(yb − b0)2)

.
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The rejection region of the corresponding test is given by {yb : CLR(b0, yb) > cv(b0)}, where

cv(b0) denotes the 95% quantile of CLR(b0, Yb) with Yb ∼ N(b0, 1). It is illustrative to plot

the rejection region of the CLR.

−4 −2 0 2 4
0

2

4

6

yb

b0

Figure 6: Rejection region of the CLR (grey) for testing H0 : b = b0 (y-axis).

Figure 6 shows the rejection region for the CLR. Two interesting features are that for

testing b0 = 0 the CLR equals the one-sided t-test that rejects for yb > 1.645 and that for

testing large values of b0 the rejection region of the CLR approaches the rejection region of

the regular two-sided t-test, which is given by {yb : |yb − b0| > 1.96}.22

The tML is given by

tML = |max(0, yb)− b0|.

The rejection region of the corresponding test is {yb : tML > 1.96}.
Figure 7 shows the power curves of the CLR and the tML for different values of b0. A

power curve displays the rejection frequency of a test (on the y-axis) as a function of the true

parameter value (on the x-axis). We find that the CLR is preferable to the tML when testing

b0 = 0 and b0 = 1. For small alternatives, i.e., for small values of the true parameter b, the

power curve of the CLR lies above the power curve of the tML, while they both asymptote to

1 for large alternatives. For testing b0 = 2, the two tests are numerically indistinguishable,

since they both approach the regular two-sided t-test as b0 increases, cf. Figure 6.

Figure 8 plots the power curve of another test recently proposed by Müller and Norets

(2013).23 For ease of comparison, the figure also reproduces the power curve of the CLR. For

22For the sake of completeness, the power curve of the regular two-sided t-test is shown in Figure 14 in
Appendix B. Overall, the CLR seems preferable, lacking only some power in comparison for small alternatives,
when testing b0 = 1.

23To be precise, Müller and Norets (2013) propose a confidence interval. The test considered here underlies
the construction of their confidence interval.
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Figure 7: Power of the CLR (solid) and the tML-test (dashed) for testing H0 : b = 0, 1, 2
from left to right.
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Figure 8: Power of the CLR (solid) and the MN test (solid with circles) for testing H0 : b =
0, 1, 2 from left to right.

the example at hand, the test proposed by Müller and Norets (2013) (MN) is numerically

indistinguishable from the (point-optimal) likelihood ratio test that is obtained by integrating

out the values of b under the alternative with respect to (improper) uniform weights. For

testing b0 = 0, the CLR and the MN coincide, while for testing b0 > 0, the power curves

cross, and neither test is better than the other.

4.2 Nuisance parameter near the boundary

The testing problem becomes more interesting under the presence of nuisance parameters.

A leading example is given by

H0 : b = b0, d ≥ 0 vs. H1 : b 6= b0, b ∈ R, d ≥ 0.

This testing problem is also considered in Andrews and Guggenberger (2010), Elliott, Müller,

and Watson (2013) and Montiel Olea (2013). Andrews and Guggenberger (2010) discuss the

29



tML, which is given by

tML = |yb − ρmin(0, yd)− b0|.

The rejection region of the corresponding test is {y : tML > 1.96}. The gLR statistic for this

case is given by24

gLR(b0, yb, yd) =

2 log

(
supb∈R,d≥0 exp(− 1

2(1−ρ2)
[(yb − b)2 + (yd − d)2 − 2ρ(yb − b)(yd − d)])

supd≥0 exp(− 1
2(1−ρ2)

[(yb − b0)2 + (yd − d)2 − 2ρ(yb − b0)(yd − d)])

)
.

The rejection region of the gLR is given by {y : gLR(b0, yb, yd) > cvdLFC
}, where dLFC = 0.

The CLR statistic is given by the gLR statistic conditioned on the value of x = yd − ρyb. In

particular, for the example at hand,

CLR(b0, yb, x) =

2 log

(
supb∈R,d≥0 exp(− 1

2(1−ρ2)
[(yb − b)2 + (x+ ρyb − d)2 − 2ρ(yb − b)(x+ ρyb − d)])

supd≥0 exp(− 1
2(1−ρ2)

[(yb − b0)2 + (x+ ρyb − d)2 − 2ρ(yb − b0)(x+ ρyb − d)])

)
.

The rejection region is {(yb, x) : CLR(b0, yb, x) > cv(α, x)}.
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Figure 9: Power of the CLR (solid), gLR (solid with plusses), and the tML-test (dashed) for
testing H0 : b = 0 with d = 0, 1, 2 from left to right. ρ = 0.7.

Figure 9 shows the power curves of the three tests introduced above for different values

of the nuisance parameter d and ρ = 0.7. The tML performs very poorly compared to the

24 Some computations show that the closed form solution for the gLR statistic reads as follows

gLR(b0, yb, yd) =


(yb − b0)2 if yd ≥ 0 and yd − ρ(yb − b0) ≥ 0
(yb−b0)2+y2

d−2ρ(yb−b0)yd

1−ρ2 if yd ≥ 0 and yd − ρ(yb − b0) < 0
(yb − b0)2 − y2

d if yd < 0 and yd − ρ(yb − b0) ≥ 0
(yb−b0)2+y2

d−2ρ(yb−b0)yd

1−ρ2 − y2
d if yd < 0 and yd − ρ(yb − b0) < 0.
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gLR, displaying lower power for a wide range of alternatives. The CLR performs well. The

power advantage over the gLR is limited, and arguably for this simple testing problem, the

gLR seems to be preferable. But except for small values of d and large positive values of b,

the CLR enjoys better power than the tML.

Recently, other tests have been proposed for the testing problem at hand. Montiel Olea

(2013) suggests the use of Efficient Conditionally Similar (ECS) tests. The tests maximize

weighted average power (WAP) subject to a similarity constraint. The weights are user

specified. Montiel Olea (2013) suggests a certain weight function that leads to a simple

expression for his test, which only depends on a scalar tuning parameter, λ. In Figure 10

below, the test is implemented for λ = 0.1.25
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Figure 10: Power of the CLR (solid), the gLR (solid with plusses), and the ECS (solid with
circles) for testing H0 : b = 0 with d = 0, 1, 2 from left to right. ρ = 0.7.

Besides the power curve for the ECS, Figure 10 plots the power curves of the gLR and

CLR for comparison. The ECS performs comparably to the CLR with the CLR enjoying

power advantages for negative values of b, especially when d is small, whereas the ECS enjoys

greater power for positive values of b at larger values of d.

Elliott, Müller, and Watson (2013) propose another testing procedure, which is based on

the approximation of the least favorable distribution. The test, EMW hereafter, maximizes

WAP in an otherwise unconstrained problem. For example, similarity of the test is not

enforced, which distinguishes this approach from the one suggested by Montiel Olea (2013).

Figure 11 shows the power curves of the EMW, the gLR, and the CLR. The EMW is

implemented using the same weights as in Elliott, Müller, and Watson (2013). The gLR

performs well compared to the EMW. The gLR enjoys higher power for small values of d

and compared to the EMW only lacks power marginally for larger values of d. For small

values of d, the CLR has higher power for negative values of b and lower power for positive

values of b, while performing similar to the EMW for larger values of d.

25For larger values of λ, the test becomes more skewed with very high power for positive alternatives,
b > 0, and very low power for negative alternatives, b < 0.
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Figure 11: Power of the CLR (solid), the gLR (solid with plusses), and the EMW (solid with
circles) for testing H0 : b = 0 with d = 0, 1, 2 from left to right. ρ = 0.7.

4.3 Parameter of interest and nuisance parameter near the bound-

ary

Another interesting leading example is given by

H0 : b = b0, d ≥ 0 vs. H1 : b 6= b0, b ≥ 0, d ≥ 0.

Here, both the parameter of interest and a scalar nuisance parameter are near or at the

boundary. We refrain from implementing the tests proposed by Montiel Olea (2013) and

Elliott, Müller, and Watson (2013). Note, however, that both tests would require the choice

of a weight function for every b0. We implement the gLR, the CLR, and the tML, but omit

their expressions for the sake of brevity. Note that for the testing problem at hand, the sign

of the correlation parameter, ρ, matters.26 The critical configurations for the gLR are given

by d = 0 when ρ > 0 and d =∞ when ρ < 0.

Figure 12 shows the power curves of the three tests for different values of b and d with

ρ = 0.7. Figure 15 shows the corresponding power curves for ρ = −0.7 and can be found

in Appendix B. As before, the tML performs poorly compared to the gLR and the CLR. It

performs particularly poorly for small values of d when ρ is negative. The CLR performs

well and, notably, constitutes a good test for b0 = 0 regardless of the sign of ρ and the value

of d. This seems an appealing feature for applied work, where it is often of interest whether a

parameter is significantly different from zero. Compared to the tML, the CLR enjoys greater

power for alternatives greater than the null with some exceptions when d is small and ρ

positive.

26Alternatively, we could vary B = [0,∞) and B = (−∞, 0], or D = [0,∞) and D = (−∞, 0].
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Figure 12: Power of the CLR (solid), gLR (solid with plusses), and the tML-test (dashed) for
testing b0 = 0, 1, 2 from top to bottom with d = 0, 1, 2 from left to right. ρ = 0.7.

4.4 Comments

The tML controls size in all three leading examples considered above. For the examples

considered in Sections 4.1 and 4.2, this was already shown in Müller and Norets (2013) and

Andrews and Guggenberger (2010). Size control of the tML for the example considered in

Section 4.3 previously had not been shown. We conjecture that size control is obtained more

generally, even for vector-valued Yb, but we do not have a proof. The intuition is that the

tML without the absolute value is asymptotically distributed as the projection of a normal

random variable onto the parameter space. This amounts to a contraction or a reduction of

the spread of the test-statistic compared to a normal distribution, at least when the average

spread is considered, which is achieved by taking the absolute value.

For the example considered in Section 4.1, we find that the tML is outperformed by

the CLR, providing a strong argument for the use of the CLR in applications. The MN
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constitutes another good alternative. However, its power curve crosses that of the tML, such

that no strict preference order can be established. For the example considered in Section

4.3, we find that the ECS and the EMW, and our tests offer power gains over the tML. The

EMW is associated with high computational cost, making it unattractive for empirical work.

The gLR, on the other hand, which in this example performs equally well, is computationally

very cheap and constitutes an attractive choice. The CLR and the ECS perform comparably,

which is not surprising, since both test maximize WAP subject to a similarity constraint. In

Section 4.3, we again find power advantages of the CLR and, in particular, the gLR over the

tML.

In summary, the tML performs poor in comparison, and from our analysis it is evident

that alternative testing procedures offer valuable improvements. When the dimension of the

nuisance parameter is small, the gLR performs very well, is easy to implement, and can be

recommended for applied work. As the dimension of the nuisance parameter increases, the

gLR looses its appeal, as illustrated in Section 4.5 below. The CLR, on the other hand,

remains attractive. Furthermore, it is not associated with high computational cost as the

EMW or the complexity of determining the test statistic as is the case for the ECS. Therefore,

we recommend its use when the number of nuisance parameter is large.

4.5 Extensions to K > 1

The least favorable configuration, dLFC, for the gLR in Sections 4.2 and 4.3 was determined by

simulation and a numerical search over the parameter space. Further simulations studies, not

reported here, indicate that the above pattern generalizes to higher dimensional problems,

where d is vector-valued. In particular, when B∞ = (−∞,∞), dLFC is given by the zero

vector. When B∞ = [0,∞) and Dk = [0,∞) for k = 1, . . . , K, then the kth entry of dLFC

equals 0 if Σδβ,k > 0 and ∞ if Σδβ,k < 0, where Σδβ,k denotes the kth entry of Σδβ.27

Given the power curves in Sections 4.2 and 4.3, the gLR may seem preferable to the

CLR, as mentioned above. However, the power advantages of the gLR over the CLR and,

in particular, the tML diminish and can even be reversed in parts of the parameters space

as the dimension of the nuisance parameter increases. This is a direct consequence of using

the least favorable configuration approach.28 When the true value of the nuisance parameter

coincides with the least favorable configuration the gLR has considerably more power than

the CLR and the tML, cf. the top-left panel of Figure 12. However, when the true value is far

27Since the problem is symmetric, the least favorable configurations are reversed when B∞ = (−∞, 0] or
Dk = (−∞, 0].

28It is possible to implement testing procedures based on the gLR that do not rely on the least favorable
configuration. For example, the approaches based on Bonferroni bounds proposed in McCloskey (2012) offer
potential gains in power.
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from the least favorable configuration, the gLR lacks power in comparison, cf. the top-right

panel of Figure 12. In higher dimensional cases, the gLR can even considerably lack in power

compared to the tML. This is illustrated in Figure 16 shown in Appendix B. The figure plots

the power curves of the gLR and the tML for B = (−∞,∞), D = [0,∞)6, and Σ equal to the

correlation matrix for one particular test considered in the application below, see Section

5.29 The nuisance parameter is varied between 06, 16, and 26, where e.g., 06 denotes a 6× 1

dimensional vector of zeros.

4.6 Ignoring Yd

The reason why we considered the tML above is that it represents common practice, when

the construction of the two-sided t-test is based on a constrained extremum estimator and

the true parameter vector is near or at the boundary. However, given the availability of

the asymptotically normal estimator proposed in Section 3.2, it is, of course, possible to

construct a two-sided t-test based on it. More generally, it is possible to construct tests

that only use the information contained in Yb. In this section, we analyze the performance

of such tests in comparison to our proposed testing procedures that utilize the information

contained in Yd.

For the example in Section 4.2, where B∞ = (−∞,∞), an obvious candidate is the

regular two-sided t-test, t = |yb − b0|, whose rejection region is {y : t > 1.96}. Figure

13 below plots the power curves of the regular two sided t-test for different values of the

nuisance parameter d and ρ = 0.7. For ease of reference, the power curves of the gLR and

the CLR as seen in Figure 9 are also shown.
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Figure 13: Power of the CLR (solid), gLR (solid with plusses), and the regular t-test (dashed)
for testing H0 : b = 0 with d = 0, 1, 2 from left to right. ρ = 0.7.

29The correlation matrix is taken from the test on the mean parameter of horse power per weight (Hp./We.).
The motivation for this is to provide a possible explanation for why the confidence interval based on the
gLR is wider than that based on the tML, see Table 3 in Appendix C.
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Figure 13 shows that the regular two-sided t-test has greater power than the gLR and

the CLR for negative values of b when d is small. But overall the power curves in Figure 13

seem favorable to the gLR and CLR.

For the example discussed in Section 4.3, where B∞ = [0,∞), a partial CLR, which

disregards Yd, can be employed. Figures 17 and 18 given in Appendix B show the power

curves of the partial CLR for ρ = 0.7 and ρ = −0.7 and, additionally, reproduce the power

curves of the CLR as shown in Figures 12 and 15. Overall the power curves of the CLR look

good in comparison. Here, it should be noted that the power gains of the CLR are more

pronounced for a larger values of |ρ| and, more importantly, in case of a higher dimensional

nuisance parameter.

In summary, the information contained in Yd is useful for constructing powerful tests,

and we propose to exploit it by means of the gLR and the CLR.

5 Application

Berry, Levinsohn, and Pakes (1995), BLP hereafter, introduced the random coefficients logit

model, which is now widely used in the industrial organization and marketing literatures to

model demand for differentiated products. The random coefficients in this model interact

with the characteristics of the products, allowing for heterogeneity in consumer preferences.

Typically, the random coefficients are assumed to be independently normally distributed.

Then, the model parameters are given by a vector of means and a vector of variances.

Since variances are naturally bounded below by zero, the model readily fits our theoretical

framework. There is good reason to believe that not all variance parameters are equal to

zero, because in that case the model reduces to the simple multinomial logit model, which is

known to suffer from the Independence of Irrelevant Alternatives (IIA). However, estimates

of the variance parameters are often found to be close to the boundary (see e.g., Nevo, 2001;

Goeree, 2008). Furthermore, applied researchers seldom know a priori which of the product

characteristics interact with a random coefficient (positive variance) and which do not (zero

variance). Therefore, it is reasonable to assume that the empirical analysis often starts with

a baseline model that allows for a random coefficient on all product characteristics. In that

case, powerful testing procedures as the ones proposed in this paper are deemed useful in

model selection exercises.30

Before turning to the empirical application using data on the European car market, we

30For example, Nevo (2001) in his analysis of the demand for ready-to-eat cereals performs a robustness
check of his main results by setting some of the variance parameters equal to zero, illustrating that the
correct model specification is of concern in applied work.
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present a small Monte Carlo study to investigate the finite-sample behavior of the proposed

testing procedures when they are implemented using the estimator proposed in Section 3.2.

5.1 Monte Carlo

In what follows, we describe the data generating process and, at the same time, introduce

the model in more detail. For ease of reference, we use the same data generating process

as Reynaert and Verboven (2014), which satisfies Assumptions 1-4 (Ketz, 2014). The BLP

model defines the demand for product j ∈ 1, . . . , J in market t = 1, . . . , T as a function of the

product characteristics of all products in that market. Denote these product characteristics

by xt = (x1t, . . . , xJt) and ξt = (ξ1t, . . . , ξJt). They differ in that xt is assumed to be

observed by the consumers and the econometrician, while ξt is assumed to be observed by

the consumers only. xjt and ξjt are vector-valued and scalar, respectively. Here, we consider

three product characteristics in xjt, xjt,1 through xjt,3. However, we only allow for a random

coefficient on xjt,3. The mean parameters, µ1 through µ3, are unrestricted, while the variance

parameter, σ2, is restricted to be nonnegative. Let φ(·, µ, σ2) denote the pdf of a normal

random variable with mean µ and variance σ2.31 Then, the market share for product j in

market t is given by

sj(µ1, µ2, µ3, σ
2, xt, ξt) =

∫ ∞
−∞

eµ1xjt,1+µ2xjt,1+vxjt,3+ξjt

1 +
∑J

l=1 e
µ1xlt,1+µ2xlt,1+vxlt,3+ξlt

φ(v, µ3, σ
2)dv. (19)

Equating model implied market shares given in (19) with market shares observed in the data,

the model parameters are estimated by GMM relying on a zero moment condition which

interacts the error term, ξjt, with a set of instruments. For more details on the estimation

procedure, see e.g., Nevo (2000). We follow Reynaert and Verboven (2014) and implement an

approximation to the optimal instruments. Furthermore, we employ the efficient weighting

matrix in the construction of the GMM objective function.

We model xjt,1 to be endogenous. In particular, xjt,1 is generated as

xjt,1 = w′jtπ1 + z′jtπ2 + ζjt,

where wjt = (xjt,2, xjt,3) denotes the exogenous product characteristics and zjt is 3 × 1

dimensional vector of instruments. The instruments can be thought of as cost shifters if we

think of xjt,1 as price, which under the assumption of perfect competition equals marginal

cost. The endogeneity of xjt,1 arises, because the error terms, ξjt and ζjt, are generated

31φ(·, µ, 0) is defined as 1(v = µ), where 1(·) denotes the indicator function.
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according to (
ξjt

ζjt

)
∼ N

((
0

0

)
,

[
1 0.7

0.7 1

])
.

The two exogenous product characteristics, xjt,2 and xjt,3, are given by 1 and U [1, 2], respec-

tively, where U [a, b] denotes a uniform random variable with support on [a, b]. zjt is generated

as a vector of independent U [0, 1]. The true parameter values are chosen as π1 = (0.7, 0.7)

and π2 = (3, 3, 3), while we vary the true parameter values of µ1, µ2, µ3, and σ2 in order

to investigate size and power for testing H0 : µ1 = −2, H0 : µ2 = 2, H0 : µ3 = 2, and

H0 : σ2 = 0. We choose T = 25 and J = 10 totaling 250 products over all markets.

Table 1 below reports the rejection frequencies of the gLR, the CLR, and the tML over

1000 Monte Carlo replications. Since the market share given in (19) and, thus, the GMM

objective function cannot be evaluated at negative values of σ2, the estimator introduced in

Section 3.2 needs to be employed in order to construct the gLR and the CLR.

Table 1: Rejection Frequencies
Alternatives H0 : µ1 = −2 H0 : µ2 = 2 H0 : µ3 = 2 H0 : σ2 = 0

µ1 µ2 µ3 σ2 tML gLR CLR tML gLR CLR tML gLR CLR tML CLR
-2 2 2 0 0.035 0.035 0.037 0.035 0.057 0.041 0.032 0.053 0.049 0.023 0.049
-2 2 2 0.25 0.037 0.034 0.038 0.042 0.052 0.049 0.038 0.040 0.045 0.264 0.391
-2 2 1.5 0 0.035 0.032 0.037 0.030 0.058 0.043 0.324 0.651 0.383 0.029 0.054
-2 2 2.5 0 0.036 0.033 0.038 0.046 0.059 0.049 0.393 0.418 0.442 0.020 0.045

The first row of Table 1 shows that all tests control size, which is line with expectations

as the underlying estimator employs the efficient weighting matrix. The second row displays

power advantages of the CLR over the tML for testing H0 : σ2 = 0. This is not surprising,

since we are comparing a one-sided test to a two-sided test, recall Figure 7. The last two

rows show power advantages of the gLR and the CLR over the tML for testing H0 : µ3 = 2,

in accordance with the local asymptotic power curves given in Figure 9.

5.2 Empirical Results

We now turn to the empirical application using data from Reynaert and Verboven (2014), RV

hereafter. RV estimate the demand for cars in several European countries spanning the years

from 1998 to 2010. The product characteristics are price divided by income (Price/Inc.),

horse power per weight (Hp/We.), a dummy variable indicating whether the car brand

is foreign (Foreign), size (Size) obtained as length times width, height (Height), and fuel

efficiency (AC/km) given by price in AC per kilometer. See RV for more details on the dataset

and its construction.
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The first two columns of Table 2 below show the estimates and the corresponding standard

error estimates that RV obtain for the baseline specification that allows for a random coef-

ficient on each product characteristic (using an approximation to the optimal instruments),

see the last two columns of their Table 6.32 As the estimates of the variance parameters

(in the bottom half of the Table) are all in the interior of the parameter space, the same

estimates are obtained for the modified estimator proposed in Section 3.2, see Remark 1,

and the construction of the gLR and the CLR can be based on them.33 The 95% and the

90% confidence intervals based on the CLR and the tML are given in the last eight columns

of Table 2.34 Due to the high dimension of the nuisance parameter, the CLR as argued in

Section 4.5 might be preferred to the gLR. For comparison, Table 3 in Appendix C repli-

cates Table 2 with the confidence intervals constructed using the gLR rather than the CLR.

Indeed, for the application at hand, the confidence intervals based on the gLR do not offer

a considerable improvement over those based on the tML.

Table 2: Table 6 in RV - Optimal instruments (ii)
95% CI 90% CI

Est. Std. Err. CLR tML CLR tML

Mean valuations µ
Price/Inc. -2.322 0.498 -3.317 -1.385 -3.297 -1.347 -3.151 -1.534 -3.141 -1.504
Hp/We. -0.918 1.192 -3.212 1.108 -3.253 1.418 -2.854 0.780 -2.878 1.043
Foreign -0.858 0.216 -1.212 -0.422 -1.275 -0.430 -1.129 -0.494 -1.207 -0.498
Size 0.667 0.674 -0.650 2.014 -0.654 1.987 -0.445 1.788 -0.441 1.775
Height 0.183 0.052 0.088 0.288 0.080 0.285 0.101 0.270 0.097 0.269
AC/km -3.972 1.344 -6.351 -1.412 -6.606 -1.338 -5.968 -1.849 -6.183 -1.761

Variances σ2

Price/Inc. 0.274 0.176 0.000 0.626 0.000 0.619 0.048 0.567 0.000 0.564
Hp/We. 10.252 4.346 2.885 18.944 1.733 18.771 3.820 17.488 3.103 17.401
Foreign 0.515 0.736 0.000 1.987 0.000 1.958 0.000 1.741 0.000 1.726
Size 0.057 0.189 0.000 0.432 0.000 0.427 0.000 0.371 0.000 0.367
Height 0.011 0.006 0.000 0.022 0.000 0.023 0.002 0.020 0.000 0.021
AC/km 4.424 19.835 0.000 44.092 0.000 43.299 0.000 37.445 0.000 37.049

The bottom half of Table 2 shows that the CLR and the tML agree at the 95% significance

level with respect to the significance of the variance parameters. Both indicate that only

32In fact, Table 6 in RV report estimates and corresponding standard error estimates for the standard
deviation. In Ketz (2014), I show that this approach to inference is statistically invalid, as the Jacobian of
the moment equation is of reduced rank at the boundary of the parameter space, i.e., when one or more
standard deviations are equal to zero. A reparameterization in terms of variances solves the problem of a
reduced rank Jacobian and is therefore employed here.

33The implementation of the gLR and the CLR requires an estimate of the variance matrix of the estimator,
which is not reported in RV. I thank Mathias Reynaert and Frank Verboven for sharing their estimate of
the variance matrix with me.

34Given the discussion following equation (13), the confidence intervals based on the tML reported in Table
2 are valid.
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the variance on Hp/We. is significantly different from zero. At the 90% significance level,

however, the CLR also rejects the null of a zero variance for Price/Inc. and Height, while

the tML continues to reject that null only for Hp/We.. Put differently, the CLR allows us

to detect the presence of (additional) heterogeneity in consumer preferences, which is not

picked up by the “benchmark”.

In addition, as can be seen from the top half of Table 2, the CLR can also yield tighter

confidence intervals for the mean parameters. For example the 95% confidence interval for

the mean parameter of HP/We. is around 8% shorter when based on the CLR. In other

applications, such a difference can be enough to infer the sign of a coefficient.

6 Conclusion

In general extremum problems, there is a lack of inference procedures for testing hypotheses

about subsets of parameters when the true parameter vector is near or at the boundary.

The two-sided t-test based on a constrained estimator is inadequate and suffers from size

distortions. Recently, alternative inference methods, such as the m-out-of-n bootstrap, have

been used in an attempt to account for boundary effects on the asymptotic distribution of

the estimator despite, as acknowledged by the authors, being theoretically invalid (Abrevaya

and Shen, 2014). We fill the gap in the literature by introducing a novel extremum estimator

that is asymptotically normally distributed, even when the objective function is not defined

outside the parameter space. The estimator is available in a wide range of models, allowing

the implementation of powerful testing procedures. When there is only one parameter that

may be near or at the boundary, we suggest the use of the gLR. When there is multiple, we

propose the use of the CLR, which we show to possess attractive optimality properties, while

enjoying low computational cost compared to alternative testing procedures. As illustrated

in the application of the random coefficients logit model to the European car market, con-

clusions concerning the model specification based on the CLR can differ from those based

on the two-sided t-test.

In standard settings, where the true parameter vector is in the interior of the parameter

space, point estimates and corresponding standard error estimates have the same informa-

tion content as confidence intervals. In the nonstandard setting considered in this paper,

the commonly reported standard error estimate looses its interpretation when a constrained

estimator is employed, because it no longer measures the spread of the (asymptotic) distri-

bution of the estimator. Confidence intervals, on the other hand, obtained by inverting the

CLR can be interpreted as a natural extension of standard confidence intervals and continue

to provide information that is useful and easy to interpret.
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Next to allowing the implementation of tests concerning scalar parameters or, more

generally, subsets of parameters, the asymptotically normal extremum estimator introduced

in this paper can also be used to construct valid confidence sets for nonlinear functions of

the parameter vector using the results in Woutersen and Ham (2013). For more details on

this in the context of the random coefficients logit model, see Ketz (2014).

The assumptions on the parameter space we make in this paper are restrictive, and while

they are satisfied in many models of interest they do not cover random coefficient models

where the coefficients are allowed to be correlated (Andrews, 2001). In those models, a

further complication arises as covariance parameters are not identified if one of the variance

parameters is equal to zero (Andrews and Cheng, 2012a). We leave possible extensions of

our results to these more general settings for future research.
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A Proofs

A.1 Proof of Theorem 1

Proof of Theorem 1. As described in the main text, the proof proceeds in two steps. 1. I

show that any similar test that has convex acceptance sections is admissible in the class of

all tests pertaining to the testing problem at hand. 2. I show that the CLR, which is similar

by construction, has convex acceptance sections.

1. Let Φc denote the class of similar tests with convex acceptance sections. Then we have

to show that any test in Φc is admissible. Let ϕ be any test in Φc. Assume it is not

admissible. Then there exists a test ϕ′ that dominates ϕ. Below, I show that a test

that dominates ϕ needs to satisfy the following two equations a.e.:35

∫
Yb

(ϕ′(yb, x)− ϕ(yb, x))f(yb|b0)dyb = 0 (20)

and ∫
Yb
yb(ϕ

′(yb, x)− ϕ(yb, x))f(yb|b0)dyb = 0, (21)

35a.e. is short for almost everywhere and means that the two equations have to hold for all x ∈ X except
for x of Lebesque measure zero.
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where f(yb|b) = f(yb|x, b, d) is the pdf of a standard normal when the true parameter

value is b.36 Equation (20) implies that ϕ′ needs to have the same size as ϕ conditional

on x. Equation (21) implies that ϕ′ needs to have the same “center of gravity” as ϕ

conditional on x, i.e., the same conditional expected value (over the rejection region).

Since Φc is complete, which follows from Theorem 3.1 in Matthes and Truax (1967),

we can assume without loss of generality that ϕ′ ∈ Φc, i.e., ϕ′ has convex acceptance

sections.37 Equations (20) and (21) together with the fact that the acceptance sections

of ϕ′ are convex implies ϕ′ = ϕ, because the size and the expected value of a test

together with the convexity of the acceptance region uniquely define a test. This

argument is also presented in Section 4 of Matthes and Truax (1967).

In order to show that ϕ′ needs to satisfy equations (20) and (21), note that by the

definition of dominance we have∫
Yb×X

(ϕ′(yb, x)− ϕ(yb, x))f(yb|b)f(x|b, d)dybdx ≥ 0

⇔
∫
X

[∫
Yb

(ϕ′(yb, x)− ϕ(yb, x))f(yb|b)dyb
]
f(x|b, d)dx ≥ 0. (22)

Here, f(x|b, d) denotes the pdf of a multivariate normal, whose mean is given by b

and d. Equation (22) holds with equality when b = b0, because ϕ is similar and by

continuity of the power function in b cannot be dominated by a non-similar test.38

Thus, at b = b0 equation (22) reads∫
X

[∫
Yb

(ϕ′(yb, x)− ϕ(yb, x))f(yb|b0)dyb

]
f(x|b0, d)dx = 0.

36f(yb|b) equals f(yb|x, b, d), since x is a sufficient statistic for d, and yb and x are independent.
37The proof of Theorem 3.1 in Matthes and Truax (1967) goes through if Ω1 (using their notation) is

replaced with a strict, convex subset of RK+1 such as M∞.
38The continuity of the power function holds for all members of the exponential family, see e.g., Theorem

2.7.1 in Lehmann and Romano (2005).
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By completeness, we obtain39

∫
Yb

(ϕ′(yb, x)− ϕ(yb, x))f(yb|b0)dyb = 0. (20)

Given equation (22), we know that the derivative of the left hand side of equation (22)

must equal zero at b = b0. The derivative is given by∫
X

[∫
Yb

(yb − b)(ϕ′(yb, x)− ϕ(yb, x))f(y|b)dyb
]
f(x|b, d)dx+∫

X

[∫
Yb

(ϕ′(yb, x)− ϕ(yb, x))f(yb|b)dyb
]
f ′(x|b, d)f(x|b, d)dx = 0,

where f ′(x|b, d) denotes the derivative of f(x|b, d) with respect to b. Note that (yb− b)
is the derivative of f(x|b) with respect to b. Evaluating the above equation at b = b0,

we obtain ∫
X

[∫
Yb

(yb − b0)(ϕ′(yb, x)− ϕ(yb, x))f(y|b0)dyb

]
f(x|b0, d)dx = 0,

because the second term is zero given equation (20). Writing the obtained equation as

the sum of two terms, we see that the second term is again zero given equation (20).

We obtain ∫
X

[∫
Yb
yb(ϕ

′(yb, x)− ϕ(yb, x))f(y|b0)dyb

]
f(x|b0, d)dx = 0.

Again, by completeness∫
Yb
yb(ϕ

′(yb, x)− ϕ(yb, x)f(y|b0)dyb = 0. (21)

2. Assume without loss of generality that Σ is a correlation matrix. In order to show that

the CLR has convex acceptance sections it suffices to show that the CLR is convex as

39A (parametric) family of distributions f(x|θ) is said to be complete if∫
X
h(x)f(x|θ)dx = 0 ∀θ ∈ Θ

implies
h(x) = 0 a.e.

In the case on hand, θ = µ and Θ = M∞.
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a function of yb. Define

FP (yb, d) =

(
yb − b0

x+ Σδβyb − d

)′
Σ−1

(
yb − b0

x+ Σδβyb − d

)

and

SP (yb, b, d) =

(
yb − b

x+ Σδβyb − d

)′
Σ−1

(
yb − b

x+ Σδβyb − d

)
.

Let d∗(yb) = arg mind∈D∞ FP (yb, d) and (b∗∗(yb), d
∗∗(yb)) = arg minb∈B∞,d∈D∞ SP (yb, b, d)

such that CLR(b0, yb, x) = FP (yb, d
∗(yb)) − SP (yb, b

∗∗(yb), d
∗∗(yb)). Note that d∗(yb)

does not vary with yb such that FP (yb, d
∗(yb)) is a quadratic function of yb. To see

this consider the first order derivative:

∂FP (yb, d
∗(yb))

∂yb
= 2

(
1

Σδβ

)′
Σ−1

(
yb − b0

x+ Σδβyb − d∗(yb)

)
.

Using (
1

Σδβ

)′
Σ−1 = (1 0 . . . 0),

which follows from the formula for the inverse of a partitioned matrix, the first order

condition reads

2(yb − b0). (23)

Claim 1: If y′′b ≥ y′b, then b∗∗(y′′b ) ≥ b∗∗(y′b). Claim 2: There exists a ỹb such that

CLR(b0, ỹb, x) = 0. Given these two claims, we show that for any yb 6= ỹb, the difference

between FP (yb, d
∗(yb)) and SP (yb, b

∗∗(yb), d
∗∗(yb)) is strictly increasing in |yb − ỹb| if

it is non-zero. Then, it immediately follows that CLR is convex. Take y′b > ỹb without

loss of generality. Note that CLR(b0, y
′
b, x) ≥ 0 by definition. Now, imagine fixing

b∗∗(y′b) and d∗∗(y′b) and moving towards y′′b ≥ y′b, i.e., consider a modification of the

CLR where the second part is given by SP (yb, b
∗∗(y′b), d

∗∗(y′b)). Now, by an argument

similar to the one leading to equation (23), the derivative of SP (yb, b
∗∗(y′b), d

∗∗(y′b)) is

given by

2(yb − b∗∗(y′b)).

If b∗∗(y′b) > b0, the derivative of SP (yb, b
∗∗(y′b), d

∗∗(y′b)) is smaller than the derivative

of FP (yb, d
∗(yb)). It follows that

FP (y′′b , d
∗(yb))− SP (y′′b , b

∗∗(y′b), d
∗∗(y′b)) > FP (y′b, d

∗(yb))− SP (y′b, b
∗∗(y′b), d

∗∗(y′b)).
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Since, by definition SP (y′′b , b
∗∗(y′′b ), d∗∗(y′′b )) < SP (y′′b , b

∗∗(y′b), d
∗∗(y′b)),

FP (y′′b , d
∗(yb))− SP (y′′b , b

∗∗(y′′b ), d∗∗(y′′b )) > FP (y′b, d
∗(yb))− SP (y′b, b

∗∗(y′b), d
∗∗(y′b)).

Claim 1 follows because SP (yb, b, d) is quadratic. And Claim 2 follows from Claim 1

and continuity of SP (yb, b
∗∗(yb), d

∗∗(yb)).

A.2 Proof of Proposition 1

Before stating the proof of Proposition 1, we introduce several Lemmas, which are used in

the proof of Proposition 1.

Lemma 1. Assumption 2 implies that for all constants εn → 0,

sup
θ∈Θ:‖θ−θn‖≤εn

|nRn(θ)|
(1 + ‖

√
n(θ − θn)‖)2

= op(1),

under all {γn} ∈ Γ(γ∗).

This result corresponds to Lemma 1 in Andrews (1999) (A1).

Proof of Lemma 1. By Theorem 6 in A1,

Rn(θ) =
1

2
(θ − θn)′

(
∂2

∂θ∂θ′
Qn(θ†)− ∂2

∂θ∂θ′
Qn(θn)

)
(θ − θn),

where θ† lies on the line segment between θ and θn, when θ 6= θn and Rn(θ) = 0 when θ = θn.

Thus,

sup
θ∈Θ:‖θ−θn‖≤εn

|nRn(θ)|
(1 + ‖

√
n(θ − θn)‖)2

≤ sup
θ∈Θ:‖θ−θn‖≤εn

1

2

∣∣∣√n(θ − θn)′
(

∂2

∂θ∂θ′
Qn(θ†)− ∂2

∂θ∂θ′
Qn(θn)

)√
n(θ − θn)

∣∣∣
‖
√
n(θ − θn)‖2

≤ sup
θ∈Θ:‖θ−θn‖≤εn

1

2

∥∥∥∥ ∂2

∂θ∂θ′
Qn(θ†)− ∂2

∂θ∂θ′
Qn(θn)

∥∥∥∥
= op(1).
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Given Lemma 1, it is easy to see that Assumption 2 also implies

sup
θ∈Θ:‖

√
n(θ−θn)‖≤ε

|nRn(θ)| = op(1) (24)

under all {γn} ∈ Γ(γ∗), for all 0 < ε <∞.

Lemma 2. Under Assumptions 1 - 4 and under {γn} ∈ Γ(γ∗),
√
n(θ̂n − θn) = Op(1).

This result is equivalent to Theorem 1 in A1, and its proof is given by a slight modification

of the corresponding proof.

Proof of Lemma 2. Let κn = J
1/2
n
√
n(θ̂n − θn). θn is in the closure of Θ by Assumption 1.

We have

op(1) = n

(
Qn(θ̂n)− inf

θ∈Θ
Qn(θ)

)
≥ n

(
Qn(θ̂n)−Qn(θn)

)
=
√
nDQn(θn)′J−1/2

n κn +
1

2
‖κn‖2 + nRn(θ̂n)

= Op(‖κn‖) +
1

2
‖κn‖2 + (1 + ‖J−1/2

n κn‖)2op(1)

= Op(‖κn‖) +
1

2
‖κn‖2 + op(‖κn‖) + op(‖κn‖2) + op(1).

The first equality holds by definition of θ̂n, see equation (5). The inequality then follows by

the definition of the infimum. The next equality follows from equation (9). The following

equality holds by Assumption 3 and 4 and Lemma 1 combined with Assumption 1. Upon

rearrangement, after dropping op(‖κn‖) and op(‖κn‖2), we get

‖κn‖2 ≤ 2‖κn‖Op(1) + op(1).

Let ξn denote the Op(1) term. Then,

(‖κn‖ − ξn)2 ≤ ξ2
n + op(1) = Op(1).

Taking square roots gives ‖κn‖ ≤ Op(1). Given Assumption 3, this establishes the result.

Lemma 3. Under Assumptions 1 - 4 and under {γn} ∈ Γ(γ∗), qT (
√
n(θ̂n−θn)) = infθ∈Θ qT (

√
n(θ−

θn)) + op(1).
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This result is equivalent to Theorem 2(e) in A1. Note that

inf
θ∈Θ

qn(
√
n(θ − θn)) = inf

λ∈
√
n(Θ−θn)

qn(λ),

where
√
n(Θ− θn) = {λ ∈ RK+L+1 : λ =

√
n(θ − θn) for some θ ∈ Θ}.

Proof of Lemma 3. Let θ̂qn satisfy θ̂qn ∈ cl(Θ) and

qn(
√
n(θ̂qn − θn)) = inf

θ∈Θ
qn(
√
n(θ − θn)) + op(1). (25)

With this definition in place, it is sufficient to show that

qn(
√
n(θ̂n − θn)) = qn(

√
n(θ̂qn − θn)) + op(1). (26)

First, we show that
√
n(θ̂qn − θn) = Op(1). (27)

Let κqn = J
1/2
n
√
n(θ̂qn − θn). We have

∥∥κqn − J1/2
n Zn

∥∥2
= qn(

√
n(θ̂qn − θn)) ≤ qn(0) + op(1) = Z ′nJnZn + op(1) = Op(1),

where the inequality follows from equation (25) and the last equality follows from Assump-

tions 3 and 4. It follows that κqn = J
1/2
n Zn + Op(1) = Op(1), where the last equality follows

from Assumptions 3 and 4 again. Then, by Assumption 3, equation (27) follows.

Then, by equation (11), equation (24), Lemma 2, and equation (27), we have

nQn(θ̂n) = nQn(θn) +
1

2
Z ′nJnZn +

1

2
qn(
√
n(θ̂n − θn)) + op(1) (28)

and

nQn(θ̂qn) = nQn(θn) +
1

2
Z ′nJnZn +

1

2
qn(
√
n(θ̂qn − θn)) + op(1). (29)

The result of the Lemma then follows, since

op(1) = n

(
Qn(θ̂n)− inf

θ∈Θ
Qn(θ)

)
≥ n

(
Qn(θ̂n)−Qn(θ̂qn)

)
=

1

2
qn(
√
n(θ̂n − θn))− 1

2
qn(
√
n(θ̂qn − θn)) + op(1)

≥ 1

2
inf
θ∈Θ

qn(
√
n(θ − θn))− 1

2
qn(
√
n(θ̂qn − θn)) + op(1) = op(1),

where the first and last equality follow from equations (5) and (25), respectively. The
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inequalities follow from the definition of the infimum, while the equality in the middle follows

from equations (28) and (29).

Lemma 4. If
√
n(Θ− θn)→ Λ as n→∞, where Λ is a convex cone with possible nonzero

vertex, then infλ∈√n(Θ−θn) qn(λ) = infλ∈Λ qn(λ) + op(1).

The proof of Lemma 4 closely resembles the proof of Lemma 2 in A1. For the sake of

completeness, we give it here.

Proof of Lemma 4. For any set ∆ ⊂ RK+L+1 and any z ∈ RK+L+1, let

dist(z,Γ) ≡ inf
λ∈∆
‖λ− z‖

and

distn(z,Γ) ≡ inf
λ∈∆

((λ− z)′Jn(λ− z))
1
2 .

Note that

distn(Zn,Λ) = inf
λ∈Λ

q
1
2
n (λ)

and

distn(Zn,
√
n(Θ− θn)) = inf

λ∈
√
n(Θ−θn)

q
1
2
n (λ).

Let Cn = distn(Zn,Λ) − distn(Zn,
√
n(Θ − θn)). Then, it suffices to show that Cn = op(1).

Note that for any ZΘ,n ∈
√
n(Θ−θn), we have dist(ZΘ,n,Λ) = o(1), since

√
n(Θ−θn)→ Λ.40

This, together with Jn
p→ J(γ∗), where J(γ∗) is of full rank, implies that distn(ZΘ,n,Λ) =

op(1). Now, choose ZΘ,n ∈
√
n(Θ−θn) such that distn(Zn,

√
n(Θ−θn)) = distn(Zn, {ZΘ,n})+

op(1). Such an element always exists. Then, by the triangle inequality

Cn = distn(Zn,Λ)− distn(Zn,
√
n(Θ− θn))

≤ distn(Zn, {ZΘ,n}) + distn({ZΘ,n},Λ)− distn(Zn,
√
n(Θ− θn)) = op(1).

Analogously, choose ZΛ,n ∈ Λ such that distn(Zn,Λ) = distn(Zn, {ZΛ,n}) + op(1). Again, we

have dist(ZΛ,n,
√
n(Θ− θn)) = o(1), since

√
n(Θ− θn)→ Λ, and distn(ZΛ,n,

√
n(Θ− θn)) =

op(1). By the triangle inequality

Cn = distn(Zn,Λ)− distn(Zn,
√
n(Θ− θ0))

≥ distn(Zn,Λ)− distn(Zn, {ZΛ,n})− distn(ZΛ,n,
√
n(Θ− θn)) = op(1).

40In particular, this holds true for ZΘ,n =
√
n(θ̂n − θn), which we use in the proof of Theorem 2, see

Appendix A.3.
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Given the comment below Lemma 3, it follows from Lemma 3 and 4 that

qn(
√
n(θ̂n − θn)) = inf

λ∈Λ
qn(λ) + op(1). (30)

Proof of Proposition 1. The proof of Proposition 1 follows from the proof of Theorem 3(a)-

(b) in A1. Let λ̂n be such that λ̂n ∈ cl(Λ) and

qn(λ̂n) = inf
λ∈Λ

qn(λ).

Then, equation (30), which holds because Lemma 3 applies under {γn} ∈ Γ(γ∗, b, d), reads

qn(
√
n(θ̂n − θn)) = qn(λ̂n) + op(1). (31)

The proof proceeds by showing that
√
n(θ̂n−θn) = λ̂n+op(1). The desired result then follows

by the continuous mapping theorem, see the proof of Theorem 3(b) in A1. By convexity of

Λ, there exists a unique λ∗n ∈ cl(Λ) such that41

‖
√
n(θ̂n − θn)− λ∗n‖ = op(1). (32)

Therefore, it suffices to show that ‖λ∗n − λ̂n‖ = op(1). Define ‖ · ‖n by ‖x‖n = (x′Jnx)1/2.

Then, by Assumption 3 it suffices to show that

‖λ∗n − λ̂n‖n = op(1).

We have

‖λ∗n − Zn‖n = ‖
√
n(θ̂n − θn)− Zn‖n + op(1) = ‖λ̂n − Zn‖n + op(1),

where the first equality follows from the triangle inequality and the fact that equation (32)

also holds with ‖ · ‖ replaced by ‖ · ‖n by Assumption 3. The last equality holds by equation

(31), which as mentioned above relies on Lemmas 3 and 4. The rest of the proof follows by

the arguments presented below equation (7.19) in the proof of Theorem 3(a) in A1 with T

replaced by n. The proof goes through despite Λ being a cone with possible nonzero vertex,

as convexity constitutes the crucial property of Λ.

41See also footnote 40.
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A.3 Proof of Theorem 2

Proof of Theorem 2. The first part of the proof consists of showing that Mn(θ) and M̂n(θ),

defined in equations (15) and (18), respectively, are close in the sense that for all θ̆n for which√
T (θ̆n − θn) = Op(1), we have

M̂n(θ̆n) = Mn(θ̆n) + op(1/n). (33)

By equation (24)

sup
θ∈Θ:‖

√
n(θ−θn)‖≤γ

|Rn(θ)| = op(1/n). (34)

Since
√
n(θ̂n − θn) = Op(1) (by Proposition 1)

Qn(θ̂n) = Qn(θn) +
∂

∂θ
Qn(θn)′(θ̂n − θn) +

1

2
(θ̂n − θn)′

∂2

∂θ∂θ′
Qn(θn)(θ̂n − θn) + op(1/n). (35)

Furthermore,42

∂

∂θ
Qn(θ) =

∂

∂θ
Qn(θn) +

∂2

∂θ∂θ′
Qn(θn)(θ − θn) +

[
∂2

∂θ∂θ′
Qn(θ†)− ∂2

∂θ∂θ′
Qn(θn)

]
(θ − θn),

such that

∂

∂θ
Qn(θ̂n) =

∂

∂θ
Qn(θn) +

∂2

∂θ∂θ′
Qn(θn)(θ̂n − θn) +

[
∂2

∂θ∂θ′
Qn(θ†)− ∂2

∂θ∂θ′
Qn(θn)

]
(θ̂n − θn).

It follows that

∂

∂θ
Qn(θ̂n)′(θ − θ̂n) =

∂

∂θ
Qn(θn)′(θ − θ̂n) + (θ̂n − θn)′

∂2

∂θ∂θ′
Qn(θn)(θ − θ̂n)

+ (θ̂n − θn)′
[

∂2

∂θ∂θ′
Qn(θ†)− ∂2

∂θ∂θ′
Qn(θn)

]
(θ − θ̂n). (36)

Lastly,
∂2

∂θ∂θ′
Qn(θ̂n) =

∂2

∂θ∂θ′
Qn(θn) +

[
∂2

∂θ∂θ′
Qn(θ̂n)− ∂2

∂θ∂θ′
Qn(θn)

]
. (37)

42Here and in what follows, θ† denotes a (generic) vector on the line segment between the argument of the
function (that differs from one equation to the other) and θn.
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Plugging in (35), (36) and (37) into (18), we get

M̂n(θ) = Qn(θn) +
∂

∂θ
Qn(θn)′(θ̂n − θn) +

1

2
(θ̂n − θn)′

∂2

∂θ∂θ′
Qn(θn)(θ̂n − θn) + op(1/n)

+
∂

∂θ
Qn(θn)′(θ − θ̂n) + (θ̂n − θn)′

∂2

∂θ∂θ′
Qn(θn)(θ − θ̂n)

+ (θ̂n − θn)′
[

∂2

∂θ∂θ′
Qn(θ†)− ∂2

∂θ∂θ′
Qn(θn)

]
(θ − θ̂n)

+
1

2
(θ − θ̂n)′

∂2

∂θ∂θ′
Qn(θn)(θ − θ̂n) +

1

2
(θ − θ̂n)′

[
∂2

∂θ∂θ′
Qn(θ̂n)− ∂2

∂θ∂θ′
Qn(θn)

]
(θ − θ̂n).

Upon rearrangement, we obtain

M̂n(θ) = Qn(θn) +
∂

∂θ
Qn(θn)′(θ − θn) +

1

2
(θ − θn)′

∂2

∂θ∂θ′
Qn(θn)(θ − θn) + op(1/n)

+ (θ̂n − θn)′
[

∂2

∂θ∂θ′
Qn(θ†)− ∂2

∂θ∂θ′
Qn(θn)

]
(θ − θ̂n)

+
1

2
(θ − θ̂n)′

[
∂2

∂θ∂θ′
Qn(θ̂n)− ∂2

∂θ∂θ′
Qn(θn)

]
(θ − θ̂n).

Next, we show that the second and third line are asymptotically negligible. Note that

sup
θ∈Θ:‖

√
n(θ−θn)‖≤ε

∣∣∣∣(θ̂n − θn)′
[

∂2

∂θ∂θ′
Qn(θ†)− ∂2

∂θ∂θ′
Qn(θn)

]
(θ − θ̂n)

∣∣∣∣
≤ sup

θ∈Θ:‖
√
n(θ−θn)‖≤ε

1

n
‖
√
n(θ̂n − θn)‖

∥∥∥∥ ∂2

∂θ∂θ′
Qn(θ†)− ∂2

∂θ∂θ′
Qn(θn)

∥∥∥∥ ‖√n(θ − θ̂n)‖

=op(1/n),

by Assumption 2,
√
n(θ̂n−θn) = Op(1), and the triangle inequality ‖

√
n(θ− θ̂n)‖ ≤ ‖

√
n(θ−

θn)‖+ ‖
√
n(θ̂n − θn)‖. By a similar argument, we have

sup
θ∈Θ:‖

√
n(θ−θn)‖≤ε

∣∣∣∣12(θ − θ̂n)′
[

∂2

∂θ∂θ′
Qn(θ̂)− ∂2

∂θ∂θ′
Qn(θn)

]
(θ − θ̂n)

∣∣∣∣ = op(1/n).

Thus, we conclude that equation (33) holds.

The rest of the proof follows from arguments similar to those underlying Theorem 2 and

the second comment after Theorem 3 in A1, where M̂n(θ) takes on the role of lT (θ) (divided

by T ). First, we show that
√
n(θ̃n − θn) = Op(1). This follows from

θ̃n = arg min
θ∈Rk

M̂n(θ) = θ̂n +

(
∂2

∂θ∂θ′
Qn(θ̂n)

)−1
∂

∂θ
Qn(θ̂n).
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Using ∂
∂θ
Qn(θ̂n) = ∂

∂θ
Qn(θn) + ∂2

∂θ∂θ′
Qn(θ†)(θ̂n − θn) together with Assumption 2 and 3, we

obtain

√
n(θ̃n − θ̂n) =

(
∂2

∂θ∂θ′
Qn(θ̂n)

)−1√
n
∂

∂θ
Qn(θn)

+

(
∂2

∂θ∂θ′
Qn(θ̂n)

)−1
∂2

∂θ∂θ′
Qn(θ†)

√
n(θ̂n − θn) = Op(1).

Now,
√
n(θ̃n − θn) =

√
n(θ̃n − θ̂n) +

√
n(θ̂n − θn) = Op(1). Furthermore, using (33) and the

fact that Mn(θ) can also be written as

Mn(θ) = Qn(θn)− 1

2n
Z ′nJnZn +

1

2n
qn(
√
n(θ − θn))

we get

M̂n(θ̃n) = Qn(θn) +
1

2n
Z ′nJnZn −

1

2n
qn(
√
n(θ̃n − θn)) + op(1/n). (38)

Let θ̈n = arg infθ∈RkMn(θ). As argued above Theorem 2,
√
n(θ̈n − θn) → Z(γ∗) = Op(1).

Similar to above, we get

M̂n(θ̈n) = Qn(θn) +
1

2n
Z ′nJnZn −

1

2n
qn(
√
n(θ̈n − θn)) + op(1/n). (39)

By definition,

M̂n(θ̃n) = inf
θ∈Rk

M̂n(θ) + op(1/n) (40)

and

Mn(θ̈n) = inf
θ∈Rk

Mn(θ) + op(1/n),

where latter implies

qn(
√
n(θ̈n − θn)) = inf

θ∈Rk
qn(
√
n(θ − θn)) + op(1). (41)

Now,

op(1/n) = M̂n(θ̃n)− inf
θ∈Rk

M̂n(θ) ≥ M̂n(θ̃n)− M̂n(θ̈n)

=
1

2n
qn(
√
n(θ̃n − θn))− 1

2n
qn(
√
n(θ̈n − θn)) + op(1/n)

≥ 1

2n
inf
θ∈Rk

qn(
√
n(θ − θn))− 1

2n
qn(
√
n(θ̈n − θn)) + op(1/n) = op(1/n),

where the first equality follows from (40), the first inequality by definition of the infimum,
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the second equality by (38) and (39), the second inequality by definition of the infimum, and

the last equality from (41). We conclude that

qn(
√
n(θ̃n − θn)) = qn(

√
n(θ̈n − θn)) + op(1). (42)

Plugging (41) in (42), we get

qn(
√
n(θ̃n − θn)) = inf

θ∈Rk
qn(
√
n(θ − θn)) + op(1).

Trivially, infθ∈Rk qn(
√
n(θ − θn)) = infλ∈Rk qn(λ), such that

qn(
√
T (θ̃n − θn)) = inf

λ∈Rk
qn(λ) + op(1).

The argument in the second comment after Theorem 3 of A1 now applies. In particular,

λ̂n = Zn and infλ∈Rk qn(λ) = 0. Then,

qn(
√
n(θ̃n − θn)) = (

√
n(θ̃n − θn)− Zn)′Jn(

√
n(θ̃n − θn)− Zn) = op(1).

Since Jn(→ J(γ∗)) is asymptotically of full rank by Assumption 4, we conclude that
√
n(θ̃n−

θn) = Zn + op(1), i.e.,
√
n(θ̃n − θn)

d→ Z(γ∗).

A.4 Details for the Random Coefficient Example

A.4.1 First and second-order derivatives

The first order partial derivatives of l(µβ, σ
2
u, σ

2
β|yi, xi) are given by

∂l(µβ, σ
2
u, σ

2
β|yi, xi)

∂µβ
=

yi − xiµβ
σ2
u + x2

iσ
2
β

xi,

∂l(µβ, σ
2
u, σ

2
β|yi, xi)

∂σ2
u

= −1

2

1

σ2
u + x2

iσ
2
β

+
(yi − xiµβ)2

2
(
σ2
u + x2

iσ
2
β

)2

and
∂l(µβ, σ

2
u, σ

2
β|yi, xi)

∂σ2
β

= −1

2

1

σ2
u + x2

iσ
2
β

x2
i +

(yi − xiµβ)2

2
(
σ2
u + x2

iσ
2
β

)2x
2
i .

The second order partial derivatives of l(µβ, σ
2
u, σ

2
β|yi, xi) are given by

∂2l(µβ, σ
2
u, σ

2
β|yi, xi)

∂2µβ
= − 1

σ2
u + x2

iσ
2
β

x2
i ,
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∂2l(µβ, σ
2
u, σ

2
β|yi, xi)

∂µβ∂σ2
u

= − yi − xiµβ(
σ2
u + x2

iσ
2
β

)2xi,

∂2l(µβ, σ
2
u, σ

2
β|yi, xi)

∂µβ∂σ2
β

= − yi − xiµβ(
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A.4.2 Verification of Assumptions 1-4

We verify Assumption 1∗, which is sufficient for Assumption 1. Assumption 1∗(a) and (b)

follow from Lemma 11.3 in Andrews and Cheng (2011), AC3 hereafter, with Q(θ; γ∗) given

by

−Eγ∗ l(µβ, σ2
u, σ

2
β|yi, xi).

In what follows, let l(θ) denote −l(µβ, σ
2
u, σ

2
β|yi, xi). The assumptions of Lemma 11.3 can

be verified as follows. (i) follows from the i.i.d. assumption. (ii) follows from a mean value

expansion with s(w, θ) given by l(θ). (iii) is implied by (8). In particular, the expected value

of M1(w) is bounded by (a constant times) x4
i yielding the desired integrability condition in

(iii). (iv) is directly assumed. Assumption 1∗(c) follows from Section 8.1 in Andrews (1997).

Equation (3.18) in Andrews (1997) is satisfied as long as xi is random. Assumption 1∗(d)

is satisfied by construction. Assumption 2 (a) holds by the definition of l(θ). Assumption 2

(b) can be verified using Lemma 11.3 in AC3 with s(w, θ) given by ∂2

∂θ∂θ′
l(θ). The conditions

of the lemma can be verified as above given (8). In particular, by the triangle inequality we

have ∥∥∥∥ ∂2

∂θ∂θ′
Qn(θ)− ∂2

∂θ∂θ′
Qn(θn)

∥∥∥∥ ≤ ∥∥∥∥ ∂2

∂θ∂θ′
Qn(θ)− Eγ∗

∂2

∂θ∂θ′
l(θ)

∥∥∥∥+∥∥∥∥Eγ∗ ∂2

∂θ∂θ′
l(θ)− Eγ∗

∂2

∂θ∂θ′
l(θn)

∥∥∥∥+

∥∥∥∥Eγ∗ ∂2

∂θ∂θ′
l(θn)− ∂2

∂θ∂θ′
Qn(θn)

∥∥∥∥ .
Now, the first and the last term on the right hand side are op(1) by Lemma 11.3 in AC3,

while the middle term is o(1) when supθ∈Θ:‖θ−θn‖≤εn is applied due to the uniform continuity
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of Eγ∗
∂2

∂θ∂θ′
l(θ) in θ, which also follows from Lemma 11.3 in AC3. Assumption 3 follows by

a similar argument. In particular, we have∥∥∥∥ ∂2

∂θ∂θ′
Qn(θn)− Eγ∗

∂2

∂θ∂θ′
l(θ∗)

∥∥∥∥
≤
∥∥∥∥ ∂2

∂θ∂θ′
Qn(θn)− Eγ∗

∂2

∂θ∂θ′
l(θn)

∥∥∥∥+

∥∥∥∥Eγ∗ ∂2

∂θ∂θ′
l(θn)− Eγ∗

∂2

∂θ∂θ′
l(θ∗)

∥∥∥∥ .
The first term is op(1) by Lemma 11.3 in Andrews and Cheng (2011) and the second term is

o(1) because of the uniform continuity of Eγ∗
∂2

∂θ∂θ′
l(θ) in θ, which again follows from Lemma

11.3 in AC3, and θn → θ∗. Non-singularity is satisfied as long as xi is random. Assumption

4 holds by Lemma 11.5 in AC3 with s(w, θ) given by ∂
∂θ

l(θ). The integrability condition

is implied by (8). Given the information equality, non-singularity of the variance matrix

follows immediately.

B Additional figures
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Figure 14: Power of the CLR (solid) and the regular t-test (dashed) for testing H0 : b = 0, 1, 2
from left to right.
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Figure 15: Power of the CLR (solid), gLR (solid with plusses), and the tML-test (dashed) for
testing b0 = 0, 1, 2 from top to bottom with d = 0, 1, 2 from left to right. ρ = −0.7.
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Figure 16: Power of gLR (solid with plusses) and the tML-test (dashed) for testing H0 : b = 0
with d = 06, 16, 26 from left to right.
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Figure 17: Power of the CLR (solid) and the partial CLR (dashed) for testing b0 = 0, 1, 2
from top to bottom with d = 0, 1, 2 from left to right. ρ = 0.7.
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Figure 18: Power of the CLR (solid) and the partial CLR (dashed) for testing b0 = 0, 1, 2
from top to bottom with d = 0, 1, 2 from left to right. ρ = −0.7.
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C Additional tables

Table 3: Table 6 in RV - Optimal instruments (ii)
95% CI 90% CI

Est. Std. Err. gLR tML gLR tML

Mean valuations µ
Price/Inc. -2.322 0.498 -3.188 -1.464 -3.297 -1.347 -3.051 -1.596 -3.141 -1.504
Hp/We. -0.918 1.192 -3.790 1.788 -3.253 1.418 -3.408 1.466 -2.878 1.043
Foreign -0.858 0.216 -1.089 -0.313 -1.275 -0.430 -1.077 -0.380 -1.207 -0.498
Size 0.667 0.674 -0.630 1.963 -0.654 1.987 -0.425 1.758 -0.441 1.775
Height 0.183 0.052 0.073 0.294 0.080 0.285 0.089 0.277 0.097 0.269
AC/km -3.972 1.344 -6.425 -1.418 -6.606 -1.338 -6.062 -1.802 -6.183 -1.761

Variances σ2

Price/Inc. 0.274 0.176 0.000 0.642 0.000 0.619 0.000 0.587 0.000 0.564
Hp/We. 10.252 4.346 1.885 19.097 1.733 18.771 3.103 17.749 3.103 17.401
Foreign 0.515 0.736 0.000 2.186 0.000 1.958 0.000 1.943 0.000 1.726
Size 0.057 0.189 0.000 0.430 0.000 0.427 0.000 0.372 0.000 0.367
Height 0.011 0.006 0.000 0.022 0.000 0.023 0.002 0.021 0.000 0.021
AC/km 4.424 19.835 0.000 44.489 0.000 43.299 0.000 38.338 0.000 37.049
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